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Preface

The motivation for these lecture notes on minimal surfaces is to cover the necessary
background material needed for the papers [CM3], [CM8], [CM9], and [CM6] on
compactness and convergence of minimal surfaces in three-manifolds. Some of
these results are described in the last chapter of these notes. These results about
convergence and compactness of embedded minimal surfaces in three-manifolds
are in part motivated by a question of Pitts and Rubinstein. This question asks to
give a bound for the Morse index of all embedded closed minimal surfaces of fixed
genus in a closed three-manifold; see Chapter 5 for the precise statement. The
claim of Pitts and Rubinstein is that if there is such a bound for a sufficiently large
class of metrics onS3, then the famous spherical space-form problem can be settled
affirmatively.

We also hope that these notes will help to stimulate interaction between minimal
surface theory and the topology of three-manifolds.

These notes are an expanded version of a one-semester course taught at Courant
in the spring of 1998. The only prerequisites needed are a basic knowledge of
Riemannian geometry and some familiarity with the maximum principle. Of the
various ways of approaching minimal surfaces (from complex analysis, PDE, or
geometric measure theory), we have chosen to focus on the PDE aspects of the
theory.

In Chapter 1, we will first derive the minimal surface equation as the Euler-
Lagrange equation for the area functional on graphs. Subsequently, we derive the
parametric form of the minimal surface equation (the first variation formula). The
focus of the first chapter is on the basic properties of minimal surfaces, including
the monotonicity formula for area and the Bernstein theorem. We also mention
some examples. In the last section of Chapter 1, we derive the second variation
formula, the stability inequality, and define the Morse index of a minimal surface.

Chapter 2 deals with generalizations of the Bernstein theorem discussed in
Chapter 1. We begin the chapter by deriving Simons’ inequality for the Laplacian
of the norm squared of the second fundamental form of a minimal hypersurfaceΣ
in Rn. In the later sections, we discuss various applications of such an inequality.
The first application that we give is to a theorem of Choi-Schoen giving curvature
estimates for minimal surfaces with small total curvature. Using this estimate, we
give a short proof of Heinz’s curvature estimate for minimal graphs. Next, we dis-
cuss a priori estimates for stable minimal surfaces in three-manifolds, including
estimates on area and total curvature of Colding-Minicozzi and the curvature esti-
mate of Schoen. After that, we follow Schoen-Simon-Yau and combine Simons’
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inequality with the stability inequality to show higherLp bounds for the square of
the norm of the second fundamental form for stable minimal hypersurfaces. The
higherLp bounds are then used together with Simons’ inequality to show curvature
estimates for stable minimal hypersurfaces and to give a generalization due to De
Giorgi, Almgren, and Simons of the Bernstein theorem proven in Chapter 1. We
close the chapter with a discussion of minimal cones in Euclidean space and the
relationship to the Bernstein theorem.

We start Chapter 3 by introducing stationary varifolds as a generalization of
classical minimal surfaces. After that, we prove a generalization of the Bernstein
theorem for minimal surfaces discussed in the preceding chapter. Namely, follow-
ing [CM4], we will show in Chapter 3 that, in fact, a bound on the density gives
an upper bound for the smallest affine subspace that the minimal surface lies in.
We will deduce this theorem from the properties of the coordinate functions (in
fact, more generally properties of harmonic functions) onk-rectifiable stationary
varifolds of arbitrary codimension in Euclidean space.

Chapter 4 discusses the solution to the classical Plateau problem, focusing pri-
marily on its regularity. The first three sections cover the basic existence result for
minimal disks. After some general discussion of unique continuation and nodal
sets, we study the local description of minimal surfaces in a neighborhood of either
a branch point or a point of nontransverse intersection. Following Osserman and
Gulliver, we rule out interior branch points for solutions of the Plateau problem.
In the remainder of the chapter, we prove the embeddedness of the solution to the
Plateau problem when the boundary is in the boundary of a mean convex domain.
This last result is due to Meeks and Yau.

Finally, in Chapter 5, we discuss the theory of minimal surfaces in three-
manifolds. We begin by explaining how to extend the earlier results to this case
(in particular, monotonicity, the strong maximum principle, and some of the other
basic estimates for minimal surfaces). Next, we prove the compactness theorem of
Choi and Schoen for embedded minimal surfaces in three-manifolds with positive
Ricci curvature. An important point for this compactness result is that by results of
Choi-Wang and Yang-Yau such minimal surfaces have uniform area bounds. The
next section surveys recent results of [CM3], [CM8], [CM9], and [CM6] on com-
pactness and convergence of minimal surfaces without area bounds. Finally, in the
last section, we mention an application (from [CM7]) of the ideas of [CM8] to the
study of complete minimal surfaces inR3.
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1

The Variation Formulas and Some Consequences

In this chapter, we will first derive the minimal surface equation as the Euler-
Lagrange equation for the area functional on graphs. Subsequently, we derive the
parametric form of the minimal surface equation (the first variation formula). The
focus of the chapter is on some basic properties of minimal surfaces, including the
monotonicity formula for area and the Bernstein theorem. We also mention some
examples. In the last section, we derive the second variation formula, the stability
inequality, and define the Morse index of a minimal surface.

1.1 The Minimal Surface Equation and Minimal Submanifolds

Suppose thatu : Ω ⊂ R2 → R is aC2 function and consider the graph of the
functionu

(1.1) Graphu = {(x, y, u(x, y)) | (x, y) ∈ Ω} .

Then the area is

Area(Graphu) =
∫

Ω

|(1, 0, ux)× (0, 1, uy)|(1.2)

=
∫

Ω

√
1 + u2

x + u2
y =

∫
Ω

√
1 + |∇u|2 ,

and the (upward pointing) unit normal is

(1.3) N =
(1, 0, ux)× (0, 1, uy)
|(1, 0, ux)× (0, 1, uy)|

=
(−ux,−uy, 1)√

1 + |∇u|2
.

Therefore for the graphsGraphu+tη whereη|∂Ω = 0 we get that

(1.4) Area(Graphu+tη) =
∫

Ω

√
1 + |∇u+ t∇η|2
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hence

d

dt t=0
Area(Graphu+tη) =

∫
Ω

〈∇u ,∇η〉√
1 + |∇u|2

(1.5)

= −
∫

Ω

η div

(
∇u√

1 + |∇u|2

)
.

Therefore the graph ofu is a critical point for the area functional ifu satisfies the
divergence form equation

(1.6) div

(
∇u√

1 + |∇u|2

)
= 0 .

Equation (1.6) is the divergence form of theminimal surface equationand can
alternatively be written as

0 =
(
1 + |∇u|2

) 3
2

( ux√
1 + |∇u|2

)
x

+

(
uy√

1 + |∇u|2

)
y

(1.7)

= (1 + u2
y)uxx + (1 + u2

x)uyy − 2ux uy uxy .

Next we want to show that the graph of a function onΩ satisfying the minimal
surface equation is not just a critical point for the area functional but is actually
area-minimizing amongst surfaces in the cylinderΩ × R ⊂ R3. Let ω be the
two-form onΩ× R given by that forX, Y ∈ R3

(1.8) ω(X,Y ) = det(X,Y,N) ,

where

(1.9) N =
(−ux,−uy, 1)√

1 + |∇u|2
.

Observe that

ω

(
∂

∂x
,
∂

∂y

)
=

1√
1 + |∇u|2

∣∣∣∣∣∣
1 0 −ux
0 1 −uy
0 0 1

∣∣∣∣∣∣(1.10)

=
1√

1 + |∇u|2
,

ω

(
∂

∂y
,
∂

∂z

)
=

1√
1 + |∇u|2

∣∣∣∣∣∣
0 0 −ux
1 0 −uy
0 1 1

∣∣∣∣∣∣(1.11)

=
−ux√

1 + |∇u|2
,
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and

ω

(
∂

∂x
,
∂

∂z

)
=

1√
1 + |∇u|2

∣∣∣∣∣∣
1 0 −ux
0 0 −uy
0 1 1

∣∣∣∣∣∣(1.12)

=
uy√

1 + |∇u|2
.

Hence

(1.13) ω =
dx ∧ dy − ux dy ∧ dz − uy dz ∧ dx√

1 + |∇u|2

and

(1.14) dω =
∂

∂x

(
−ux√

1 + |∇u|2

)
+

∂

∂y

(
−uy√

1 + |∇u|2

)
= 0 ,

sinceu satisfies the minimal surface equation. In sum, the formω is closed and,
given any orthogonal unit vectorsX andY at a point(x, y, z),

(1.15) |ω(X,Y )| ≤ 1 ,

where equality holds if and only if

(1.16) X,Y ⊂ T(x,y,u(x,y)) Graphu .

Such a formω is called acalibration. From this, we have that ifΣ ⊂ Ω×R is any
other surface with∂Σ = ∂ Graphu, then by Stokes’ theorem sinceω is closed,

(1.17) Area(Graphu) =
∫

Graphu

ω =
∫

Σ

ω ≤ Area(Σ) .

This shows thatGraphu is area-minimizing amongst such surfaces. IfΩ ⊂ R2

contains a ball of radiusr, then, since∂Br∩Graphu divides∂Br into two compo-
nents at least one of which has area at most equal to(Area(S2)/2) r2, we get from
(1.17) the crude estimate

(1.18) Area(Br ∩Graphu) ≤
Area(S2)

2
r2 .

If the domainΩ is convex, the minimal graph is absolutely area-minimizing. To
see this, observe first that for a convex setΩ the nearest point projectionP : R3 →
Ω × R is a distance nonincreasing Lipschitz map that is equal to the identity on
Ω × R. If Σ ⊂ R3 is any other surface with∂Σ = ∂ Graphu, thenΣ′ = P (Σ)
hasArea(Σ′) ≤ Area(Σ). Applying (1.17) toΣ′, we see thatArea(Graphu) ≤
Area(Σ′) and the claim follows.
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Very similar calculations to the ones above show that ifΩ ⊂ Rn−1 andu : Ω →
R is aC2 function, then the graph ofu is a critical point for the area functional if
and only ifu satisfies the equation

(1.19) div

(
∇u√

1 + |∇u|2

)
= 0 .

Moreover, as in (1.17), ifu satisfies (1.19), then the graph ofu is actually area-
minimizing. Consequently, as in (1.18), ifΩ contains a ball of radiusr, then

(1.20) Vol(Br ∩Graphu) ≤
Vol(Sn−1)

2
rn−1 .

We could also have looked more generally for ak-dimensional submanifoldΣ
possibly with boundary and sitting inside some Riemannian manifoldM and which
is a critical point for the area functional. In the following, ifX is a vector field on
Σ ⊂ M , then we letXT andXN denote the tangential and normal components,
respectively.A will denote the second fundamental form ofΣ. That is,A is the
vector-valued symmetric bilinear form onΣ such that forX, Y ∈ TxΣ,

(1.21) A(X,Y ) = (∇XY )N .

Observe that

n−k∑
`=1

g(A(X,Y ), N`)N` =
n−k∑
`=1

g(∇XY,N`)N`(1.22)

= −
n−k∑
`=1

g(Y,∇XN`)N` ,

whereN` is an orthonormal basis of vector fields for the normal space toΣ in a
neighborhood ofx.

Themean curvature vectorH atx is by definition

(1.23) H =
k∑
i=1

A(Ei, Ei) ,

whereEi is an orthonormal basis forTxΣ. Furthermore, thenorm squared of the
second fundamental formatx is by definition

(1.24) |A|2 =
k∑

i,j=1

|A(Ei, Ej)|2 .

Recall also that the Gauss equations assert that ifX, Y ∈ TxΣ, then

KΣ(X,Y ) |X ∧ Y |2
(1.25)

= KM (X,Y ) |X ∧ Y |2 + g(A(X,X), A(Y, Y ))− g(A(X,Y ), A(X,Y )) ,
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where|X ∧ Y |2 = g(X,X) g(Y, Y ) − g(X,Y )2 andKM (X,Y ) andKΣ(X,Y )
are the sectional curvatures ofM andΣ, respectively, in the two-plane spanned by
the vectorsX andY . If Σn−1 ⊂ Mn is a hypersurface andN is a unit normal
vector field in a neighborhood ofx, then

(1.26) ∇(·)N : TxΣ → TxΣ

is a symmetric map (often referred to as the Weingarten map) and its eigenvalues
(κi)i=1,...,n−1 are called the principal curvatures. Moreover,

(1.27) g(H,N) = −
n−1∑
i=1

κi .

Finally, if X is a vector field defined in a neighborhood ofΣ, then thedivergence
of X atx ∈ Σ is

(1.28) divΣ X =
n−1∑
i=1

g(∇EiX,Ei) ,

whereEi is an orthonormal basis forTxΣ.
Let F : Σ × (−ε, ε) → M be a variation ofΣ with compact support and fixed

boundary. That is,F = Id outside a compact set,

(1.29) F (x, 0) = x ,

and for allx ∈ ∂Σ

(1.30) F (x, t) = x .

The vector fieldFt restricted toΣ is often called thevariational vector field.
Now we want to compute the first variation of area for this one-parameter fam-
ily of surfaces. Letxi be local coordinates onΣ. Setgi,j(t) = g(Fxi

, Fxj
) and

νt =
√

det(gi,j(t))
√

det(gi,j(0)), whereai,j denotes the inverse of the matrix
ai,j . Note thatνt is well-defined independent of the choice of coordinate system.
Furthermore,

(1.31) Vol(F (Σ, t)) =
∫
νt

√
det(gi,j(0)) ,

and therefore

(1.32)
d

dt t=0
Vol(F (Σ, t)) =

∫
d

dt t=0
νt

√
det(gi,j(0)) .

To evaluated/dtt=0νt at some pointx, we may choose the coordinate system such
that atx it is orthonormal. Using this and the fact that∇Ft

Fxi
− ∇Fxi

Ft =
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[Ft, Fxi ] = 0, we get atx,

d

dt t=0
νt =

1
2

k∑
i=1

d

dt
g(Fxi , Fxi) =

k∑
i=1

g(∇FtFxi , Fxi)

=
k∑
i=1

g(∇Fxi
Ft, Fxi

)

=
n−k∑
`=1

k∑
i=1

g(∇Fig(Ft, N`)N`, Fxi) + divΣ FTt(1.33)

=
n−k∑
`=1

k∑
i=1

g(Ft, N`) g(∇Fxi
N`, Fxi

) + divΣ FTt

= g(Ft,H) + divΣ FTt .

HereN` is an orthonormal basis for the normal bundle ofΣ atx. Integrating gives
by Stokes’ theorem

(1.34)
d

dt t=0
Vol(F (Σ, t)) =

∫
Σ

g(Ft,H) .

HenceΣ is a critical point for the area functional if and only if the mean curvature
H vanishes identically.

Definition 1.1 (Minimal Submanifold) An immersed submanifoldΣk ⊂ Mn

is said to beminimal if the mean curvatureH vanishes identically.

It follows from the identity (1.34) that a graph inR3 is a minimal surface if and
only if it satisfies the minimal surface equation (1.6).

1.2 Some Simple Examples of Minimal Surfaces inR3

Example 1.2 (A Plane) z = 0.

Example 1.3 (The Helicoid) z = tan−1
(
y
x

)
which is given in parametric

form by (x, y, z) = (t cos s, t sin s, s) wheres, t ∈ R.

Example 1.4 (The Catenoid) z = cosh−1
√
x2 + y2, that is, the surface ob-

tained by rotating the curvex = cosh z around thez-axis.

Example 1.5 (Scherk’s Surface) Scherk’s surface is the union of the closure
of the surfaces
(1.35)

Σk,` =
{

(x, y, z) | |x− k| < 1, |y − `| < 1, and z = log
cos π2 (y − `)
cos π2 (x− k)

}
,
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wherek, ` are even andk + ` ≡ 0 mod 4.
Let us check that Scherk’s surface is, in fact, a minimal surface. Since each

surfaceΣk,` is given as a graph ofz = z(x, y), we need only check thatz =
z(x, y) satisfies the minimal surface equation. Clearlyzx = π

2 tan π
2 (x − k),

zy = −π
2 tan π

2 (y − `), zxx = π2/4 + (π2/4) tan2 π
2 (x − k), zyy = −π2/4 −

(π2/4) tan2 π
2 (y−`), andzxy = 0. Hence,z satisfies the minimal surface equation

(1.7).

1.3 Consequences of the First Variation Formula

In this section, we will collect some important consequences of the first variation
formula. The most important of these is the monotonicity formula, Proposition 1.8.
In later chapters, we will return to this subject. In Chapter 3, we extend these results
to stationary varifolds, and in Chapter 5 to minimal surfaces in a three-manifold.

LetX be a vector field onM , then

(1.36) divΣ X = divΣ XT +
n−k∑
`=1

g(X,N`) g(H,N`) .

From this and Stokes’ theorem, we see thatΣ is minimal if and only if for all vector
fieldsX with compact support and vanishing on the boundary ofΣ,

(1.37)
∫

Σ

divΣ X = 0 .

Moreover, it follows directly from (1.36) that

(1.38) divΣX = divΣX
T

for all vector fieldsX onΣ if and only if Σ is minimal.
In the following, ifx0 ∈ Rn is fixed, then we letBs = Bs(x0) be the Euclidean

ball of radiuss centered atx0.
As a consequence of (1.37), we will show the following proposition:

Proposition 1.6 (Harmonicity of the Coordinate Functions)Σk ⊂ Rn is min-
imal if and only if the restrictions of the coordinate functions ofRn to Σ are har-
monic functions.

PROOF: Let η be a smooth function onΣ with compact support andη|∂Σ = 0,
then

(1.39)
∫

Σ

〈∇Ση, ∇Σxi〉 =
∫

Σ

〈∇Ση , ei〉 =
∫

Σ

divΣ(η ei) .

From this, the claim follows easily.

Recall that ifΞ ⊂ Rn is a compact subset, then the smallest convex set contain-
ing Ξ (the convex hull,Conv(Ξ)) is the intersection of all half-spaces containing
Ξ.
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Proposition 1.7 (The Convex Hull Property) Suppose thatΣk ⊂ Rn is a com-
pact minimal submanifold, thenΣ ⊂ Conv(∂Σ).

PROOF: As above, ife is a fixed vector ofRn, then the functionu(x) = 〈e, x〉
is a harmonic function onΣ. The claim now easily follows from the maximum
principle.

Before we state and prove the monotonicity formula of volume for minimal
submanifolds, we will need to recall the coarea formula. This formula asserts (see,
for instance, [Fe] for a proof) that ifΣ is a manifold andh : Σ → R is a proper
(i.e.,h−1((−∞, t]) is compact for allt ∈ R) Lipschitz function onΣ, then for all
locally integrable functionsf onΣ andt ∈ R

(1.40)
∫
{h≤t}

f |∇h| =
∫ t

−∞

∫
h=τ

f dτ .

Proposition 1.8 (The Monotonicity Formula) Suppose thatΣk ⊂ Rn is a min-
imal submanifold andx0 ∈ Rn; then for all0 < s < t

(1.41) t−k Vol(Bt ∩ Σ)− s−k Vol(Bs ∩ Σ) =
∫

(Bt\Bs)∩Σ

|(x− x0)N |2

|x− x0|k+2
.

PROOF: SinceΣ is minimal,

(1.42) ∆Σ|x− x0|2 = 2 divΣ(x− x0) = 2k .

By Stokes’ theorem integrating this gives

(1.43) 2 k Vol(Bs ∩ Σ) =
∫
Bs∩Σ

∆Σ|x− x0|2 = 2
∫
∂Bs∩Σ

|(x− x0)T | .

Using this and the coarea formula (i.e., (1.40)), an easy calculation gives

d

ds

(
s−k Vol(Bs ∩ Σ)

)
= −k s−k−1 Vol(Bs ∩ Σ) + s−k

∫
∂Bs∩Σ

|x− x0|
|(x− x0)T |

= s−k−1

∫
∂Bs∩Σ

(
|x− x0|2

|(x− x0)T |
− |(x− x0)T |

)
(1.44)

= s−k−1

∫
∂Bs∩Σ

|(x− x0)N |2

|(x− x0)T |
.

Integrating and applying the coarea formula once more gives the claim.

As a corollary, we get the following:

Corollary 1.9 Suppose thatΣk ⊂ Rn is a minimal submanifold andx0 ∈ Rn;
then the function

(1.45) Θx0(s) =
Vol(Bs ∩ Σ)

Vol(B1 ⊂ Rk) sk

is a nondecreasing function ofs.
Moreover, ifΣ is proper andx0 ∈ Σ, thenΘx0(s) ≥ 1; if for somes > 0,

Θx0(s) = 1, thenBs ∩ Σ is a ball in somek-dimensional plane.
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PROOF: Proposition 1.8 directly shows thatΘx0(s) is monotone nondecreas-
ing. SinceΣ is smooth and proper, it is infinitesimally Euclidean and hence

(1.46) lim
s→0

Θx0(s) ≥ 1 .

Combining monotonicity ofΘx0(s) with (1.46) shows thatΘx0(s) ≥ 1. If we have
Θx0(s) = 1, thenΘx0 is constant ins so that, by (1.41),(x − x0)N is identically
zero. Clearly this implies thatΣ is dilation invariant, and sinceΣ is smooth,Σ is
contained in ak-plane.

For later reference, we will record some consequences of Corollary 1.9. LetΣ
be a minimal submanifold and define thedensityatx0 by

(1.47) Θx0 = lim
s→0

Θx0(s) .

This limit, which exists sinceΘx0(s) is monotone, is always at least1 for x0 ∈ Σ
by (1.46). In fact, so long asΣ is smooth,Θx0 is a nonnegative integer equal to the
multiplicity of Σ at x0. Note that ifΣ is not embedded, then this multiplicity can
be greater than one.

The next result, which is an elementary consequence of monotonicity, shows
that this multiplicity is upper semicontinuous.

Corollary 1.10 If Σk ⊂ Rn is a minimal submanifold, then the densityΘx is an
upper semicontinuous function onRn. Consequently, for anyΛ ≥ 0, the set

(1.48) {x ∈ Σ | Θx ≥ Λ}

is closed.

PROOF: We need to show that ifxj is a sequence of points going tox, then

(1.49) Θx ≥ lim sup
xj→x

Θxj .

Given anyδ > 0, there exists ans > 0 such that

(1.50) Θx ≥ Θx(2s)− δ ,

and we can choose0 < ε < s so that

(1.51) Θx ≥ (1 + s−1 ε)k Θx(2s)− 2 δ .

For anyxj with |x− xj | < ε,

Θxj
≤ Θxj

(s) ≤ Vol(Bs+ε(x) ∩ Σ)
Vol(B1 ⊂ Rk) sk

= (1 + s−1 ε)k Θx(s+ ε)(1.52)

≤ 2δ + Θx ,

where the last inequality follows from (1.51). Sinceδ was arbitrarily small, (1.52)
implies (1.49) and henceΘ is upper semicontinuous. It follows immediately that
the set defined in (1.48) must be closed.
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Proposition 1.11 (The Mean Value Inequality) If Σk ⊂ Rn is a minimal sub-
manifold,x0 ∈ Rn, andf is a function onΣ, then

(1.53) t−k
∫
Bt∩Σ

f − s−k
∫
Bs∩Σ

f

=
∫

(Bt\Bs)∩Σ

f
|(x− x0)N |2

|x− x0|k+2
+

1
2

∫ t

s

τ−k−1

∫
Bτ∩Σ

(τ2 − |x− x0|2) ∆Σf dτ .

PROOF: Observe that the monotonicity formula will be the special case where
f = 1. SinceΣ is minimal, integration by parts gives

2k
∫
Bs∩Σ

f =
∫
Bs∩Σ

f ∆Σ|x− x0|2
(1.54)

=
∫
Bs∩Σ

|x− x0|2 ∆Σf + 2
∫
∂Bs∩Σ

f |(x− x0)T | − s2
∫
Bs∩Σ

∆Σf .

Using this and the coarea formula (i.e., (1.40)) gives

d

ds

(
s−k

∫
Bs∩Σ

f

)(1.55)

= −k s−k−1

∫
Bs∩Σ

f + s−k
∫
∂Bs∩Σ

f
|x− x0|

|(x− x0)T |

= s−k−1

∫
∂Bs∩Σ

f
|(x− x0)N |2

|(x− x0)T |
+

1
2
s−k−1

∫
Bs∩Σ

(s2 − |x− x0|2) ∆Σf .

Integrating and using the coarea formula gives the claim.

For future reference, we next record a general mean value inequality which
follows from Proposition 1.11.

Corollary 1.12 Suppose thatΣk ⊂ Rn is a minimal submanifold,x0 ∈ Σ, and
s > 0 satisfyBs(x0) ∩ ∂Σ = ∅. If f is a nonnegative function onΣ with ∆Σf ≥
−λ s−2 f , then

(1.56) f(x0) ≤ e
λ
2

∫
Bs∩Σ

f

Vol(B1 ⊂ Rk) sk
.

PROOF: If we defineg(t) by

(1.57) g(t) = t−k
∫
Bt∩Σ

f ,

then Proposition 1.11 implies that

(1.58) g′(t) ≥ −λ
2
s−2 t1−k

∫
Bt∩Σ

f = −λ
2
s−2 t g(t) .
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We can rewrite (1.58) as

(1.59)
g′(t)
g(t)

≥ −λ
2
s−2 t ≥ − λ

2s
.

From (1.59), it is obvious thateλ t/(2s) g(t) is monotone nondecreasing and (1.56)
follows immediately.

We get immediately the following mean value inequality for the special case of
nonnegative subharmonic functions:

Corollary 1.13 Suppose thatΣk ⊂ Rn is a minimal submanifold,x0 ∈ Rn, and
f is a nonnegative subharmonic function onΣ; then

(1.60) s−k
∫
Bs∩Σ

f

is a nondecreasing function ofs. In particular, if x0 ∈ Σ, then for alls > 0

(1.61) f(x0) ≤
∫
Bs∩Σ

f

Vol(B1 ⊂ Rk) sk
.

1.4 The Gauss Map

Let Σ2 ⊂ R3 be a surface. TheGauss mapis a continuous choice of a unit normal
N : Σ → S2 ⊂ R3. Observe that there are two choices of such a mapN and−N
corresponding to a choice of orientation ofΣ. If Σ ⊂ R3 is the graph of a function
u = u(x, y), then, as we have already seen, we can take

(1.62) N =
(−ux,−uy, 1)√

1 + |∇u|2
.

Using(x, y) as coordinates on the graph, we may express the induced metricg as

(1.63) gxx = (1 + u2
x) , gxy = gyx = uxuy , gyy = (1 + u2

y) .

By direct calculation, the eigenvalues of the matrixg are1 and(1 + |∇u|2). This
can also easily be seen geometrically.

By the Gauss equation, the Gauss curvature of the graph ofu is given by

K =κ1 κ2 =
〈Nx, (1, 0, ux)〉 〈Ny, (0, 1, uy)〉 − 〈Nx, (0, 1, uy)〉2

|(1, 0, ux)× (0, 1, uy)|2

=
〈(−uxx,−uyx, 0), (1, 0, ux)〉 〈(−uxy,−uyy, 0), (0, 1, uy)〉

(1 + |∇u|2)2
(1.64)

− 〈(−uxx,−uxy, 0), (0, 1, uy)〉2

(1 + |∇u|2)2
=
uxx uyy − u2

xy

(1 + |∇u|2)2
.
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Therefore

(1.65) K dArea =
uxx uyy − u2

xy

(1 + |∇u|2) 3
2
dx ∧ dy .

Similarly, we may express the second fundamental formA in the coordinates(x, y)
as
(1.66)
Axx =

uxx

(1 + |∇u|2) 1
2
, Axy = Ayx =

uxy

(1 + |∇u|2) 1
2
, Ayy =

uyy

(1 + |∇u|2) 1
2
.

This expression for the second fundamental form and the bound on the eigenvalues
of g (see (1.63)) together imply

(1.67)
|Hessu |2

(1 + |∇u|2)3
≤ |A|2 ≤ 2

|Hessu |2

1 + |∇u|2
.

Alternatively, we could have computed the Gaussian curvature using moving
frames (see, for instance, [Sp]). Namely, ifΘ = (Θi)i is an orthonormal coframing
(that is,Θi = g(·, Ei) whereEi is an orthonormal frame in a neighborhood ofx),
then the Cartan equations assert that

(1.68) dΘ = −ω ∧Θ

and

(1.69) dω = −ω ∧ ω + Ω .

Hereω = (ωi,j) is the skew-symmetric matrix of connection one-forms andΩ =
(Ωi,j) is the matrix of curvature two-forms. In dimension two, the second equation
reduces to

(1.70) dω = Ω .

For the graph ofu, we let the frame be

e1 = |∇u|−1(uyd/dx− uxd/dy) ,(1.71)

e2 = |∇u|−1(1 + |∇u|2)−1/2(uxd/dx+ uyd/dy) ,(1.72)

and the dual coframe be given by

Θ1 = |∇u|−1(uydx− uxdy) ,(1.73)

Θ2 = |∇u|−1(1 + |∇u|2)1/2(uxdx+ uydy) .(1.74)

Hence
(1.75)
ω1,2 = −|∇u|−2(1 + |∇u|2)−1/2((uxuxy − uyuxx)dx+ (uxuyy − uyuxy)dy) .

A straightforward calculation shows that for some constantC

(1.76) |ω1,2| ≤ C |dN | = C |A| .
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If Σ is minimal, then the Gauss map is an (anti) conformal map since the eigen-
values of the Weingarten map areκ1 andκ2 = −κ1. Moreover, for a minimal
surface

(1.77) |A|2 = κ2
1 + κ2

2 = −2κ1 κ2 = −2K ,

and the area of the Gauss map is a multiple of the total curvature. This conformality
of the Gauss map for a minimal surface inR3, namely (1.77), can be used to prove
the classical Bernstein theorem described in the next section.

1.5 The Theorem of Bernstein

Before we prove the famous theorem of Bernstein, we will give a bound for the
total curvature of a minimal graph. We will later see that, with some more work,
this bound can be used to give curvature estimates for minimal graphs. Such cur-
vature estimates were proven originally by Heinz [He] using complex analysis and
provided a generalization of the theorem of Bernstein.

Lemma 1.14 If u : Ω ⊂ R2 → R is a solution to the minimal surface equation,
then for all nonnegative Lipschitz functionsη with support contained inΩ

(1.78)
∫

Graphu

|A|2 η2 ≤ 16C2

∫
Graphu

|∇Graphu
η|2 .

PROOF: Set Σ = Graphu. By minimality, Stokes’ theorem, the Cauchy-
Schwarz inequality, and (1.76),∫

Σ

η2 |A|2 = −2
∫

Σ

η2K = −2
∫

Σ

η2 Ω1,2

= −2
∫

Σ

η2 dω1,2 = 4
∫

Σ

η dη ∧ ω1,2(1.79)

≤ 4C
∫

Σ

η |dη| |A| ≤ 4C
(∫

Σ

η2 |A|2
) 1

2
(∫

Σ

|dη|2
) 1

2

.

Therefore

(1.80)
∫

Σ

η2 |A|2 ≤ 16C2

∫
Σ

|dη|2 .

This proves the lemma.

Corollary 1.15 If u : Ω ⊂ R2 → R is a solution to the minimal surface equa-
tion,κ > 1, andΩ contains a ball of radiusκR centered at the origin, then

(1.81)
∫
B√κ R∩Graphu

|A|2 ≤ 16C2 e2 Area(S2)
log κ

.
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PROOF: SetΣ = Graphu. Define the cutoff functionη on all of R3 and then
restrict it to the graph ofu as follows: Letr denote the distance to the origin inR3.
Setη = 1 for r2 ≤ κR2, η = 2 − 2 log(r R−1)/ log κ for κR2 < r2 ≤ R2, and
η = 0 for r2 > κR2.

Applying Lemma 1.14 with the cutoff functionη and the area bound (1.18), we
get∫

B√κ R∩Σ

|A|2 ≤
∫

Σ

η2 |A|2 ≤ 16C2

∫
Σ

|dη|2 ≤ 64C2

(log κ)2

∫
Bκ R∩Σ

r−2

≤ 64C2

(log κ)2

log κ∑
`=(log κ)/2

∫
(Be` R

\Be`−1 R
)∩Σ

r−2(1.82)

≤ 64C2

(log κ)2

log κ∑
`=(log κ)/2

e2 Area(S2)
2

≤ 16C2 e2 Area(S2)
log κ

.

The above argument, i.e., integration by parts with this particular choice ofη,
is often refered to as “a logarithmic cutoff argument.” It is quite useful when the
surface has at most quadratic area growth (as above).

As a consequence of this corollary, we get the following theorem of S. Bernstein
[Be] from 1916:

Theorem 1.16 (S. Bernstein [Be]) If u : R2 → R is an entire solution to
the minimal surface equation thenu(x, y) = ax + by + c for some constants
a, b, c ∈ R.

PROOF: (The proof we give here is due to L. Simon [Si5]). By the previous
corollary, we have for allR > 1

(1.83)
∫
B√R∩Graphu

|A|2 ≤ 16 e2 Area(S2)
logR

.

LettingR → ∞, we conclude that|A|2 ≡ 0; hence0 = uxx = uxy = uyy and
thereforeu = ax+ by + c for some constantsa, b, c ∈ R.

The previous proof of the theorem of Bernstein relied on minimality for two
facts: the area bound for minimal graphs, (1.18), and the conformality of the Gauss
map, (1.77). This proof can actually be applied to a wider class of differential equa-
tions where the conformality is replaced by quasi-conformality. We will briefly re-
turn to this later (in (5.7), where we also define quasi-conformality), but we will not
discuss estimates for quasi-conformal maps in these notes. A detailed discussion
may be found in chapter16 of [GiTr].
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1.6 The Strong Maximum Principle

The following lemma is the local version of the strong maximum principle for
minimal hypersurfaces:

Lemma 1.17 Let Ω ⊂ Rn−1 be an open connected neighborhood of the origin.
If u1, u2 : Ω → R are solutions of the minimal surface equation withu1 ≤ u2 and
u1(0) = u2(0), thenu1 ≡ u2.

PROOF: Since

(1.84)
∇u1√

1 + |∇u1|2
− ∇u2√

1 + |∇u2|2

=

√
1 + |∇u2|2 (∇u1 −∇u2) + (

√
1 + |∇u2|2 −

√
1 + |∇u1|2)∇u2√

1 + |∇u1|2
√

1 + |∇u2|2

=
∇u1 −∇u2√

1 + |∇u1|2
+

(|∇u2|2 − |∇u1|2)∇u2

(
√

1 + |∇u1|2 +
√

1 + |∇u2|2)
√

1 + |∇u1|2
√

1 + |∇u2|2

and bothu1 andu2 satisfy the minimal surface equation, we get

0 = div

(
∇u1√

1 + |∇u1|2
− ∇u2√

1 + |∇u2|2

)(1.85)

= div

(
∇(u1 − u2)√
1 + |∇u1|2

)

− div

(
〈∇(u1 − u2),∇(u1 + u2)〉

(
√

1 + |∇u1|2 +
√

1 + |∇u2|2)
√

1 + |∇u1|2
√

1 + |∇u2|2
∇u2

)
.

From this, we conclude thatv = u1 − u2 satisfies an equation of the form

(1.86) 0 = div(ai,j ∇v) + bi∇v .

Moreover, if|∇u1|, |∇u2| are sufficiently small, thenλ |x|2 ≤ ai,j xi xj for some
λ > 0. Therefore the usual strong maximum principle, see, for instance, [HaLi] or
theorem 3.5 of [GiTr], gives the claim.

By writing a hypersurface locally as the graph of a function, we see that Lemma
1.17 has the following immediate consequence:

Corollary 1.18 (The Strong Maximum Principle) If Σ1, Σ2 ⊂ Rn are com-
plete connected minimal hypersurfaces (without boundaries),Σ1 ∩ Σ2 6= ∅, and
Σ2 lies on one side ofΣ1, thenΣ1 = Σ2.



16 THE VARIATION FORMULAS AND SOME CONSEQUENCES

1.7 Second Variation Formula, Morse Index, and Stability

Suppose now thatΣk ⊂ Mn is a minimal submanifold; we want to compute the
second derivative of the area functional for a variation ofΣ. Therefore, let again
F be a variation ofΣ with compact support. In fact, we will assume thatF is
a normal variation, that is,FTt ≡ 0 on Σ. Let xi be local coordinates onΣ, set
gi,j(t) = g(Fxi , Fxj ), and setνt =

√
det(gi,j(t))

√
det(gi,j(0)). Then

(1.87)
d2

dt2t=0

Vol(F (Σ, t)) =
∫

d2

dt2 t=0
νt

√
det(gij(0)) .

Since

(1.88) 2
d

dt
νt = Tr(g′ij(t)g

`m(t)) νt ,

then

(1.89) 2
d2

dt2t=0

νt = Tr(g′′ij(0))− Tr(g′ij(0) g′`m(0)) +
1
2

[Tr(g′ij(0))]2 .

Therefore, sinceΣ is minimal,

(1.90) 2
d2

dt2t=0

νt = Tr(g′′ij(0))− Tr(g′ij(0) g′`m(0)) .

To evaluated2/dt2t=0νt at some pointx ∈ Σ, we may choose the coordinate system
xi to be orthonormal atx. An easy calculation gives

(1.91) g′ij(0) = g(Fxit, Fxj
) + g(Fxi

, Fxjt) = −2 g(A(Fxi
, Fxj

), Ft) ,

and atx

k∑
i=1

g′′ii(0) = 2
k∑
i=1

g(Fxitt, Fxi
) + 2

k∑
i=1

g(Fxit, Fxit)

(1.92)

= 2
k∑
i=1

g(Fxit, Fxit) + 2
k∑
i=1

g(RM (Ft, Fxi)Ft, Fxi) + divΣ(Ftt)

= 2
k∑
i=1

g(FTxit, F
T
xit) + 2

k∑
i=1

g(FNxit, F
N
xit)

+ 2
k∑
i=1

g(RM (Ft, Fxi)Ft, Fxi) + divΣ(Ftt)

= 2
k∑

i,j=1

|g(A(Ei, Ej), Ft)|2 + 2|∇N
ΣFt|2

+ 2
k∑
i=1

g(RM (Ft, Ei)Ft, Ei) + divΣ(Ftt) .
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HereRM is the Riemann curvature tensor ofM . To get the second equality, we
used that atx

k∑
i=1

g(∇Ft
∇Ft

Fxi
, Fxi

) =
k∑
i=1

g(∇Ft
∇Fxi

Ft, Fxi
)

=
k∑
i=1

g(RM (Ft, Fxi
)Ft, Fxi

) +
k∑
i=1

g(∇Fxi
∇Ft

Ft, Fxi
)(1.93)

=
k∑
i=1

g(RM (Ft, Fxi
)Ft, Fxi

) + divΣ(Ftt) .

Therefore, we get atx

d2

dt2t=0

νt = −
k∑

i,j=1

|g(Ft, A(Ei, Ej))|2(1.94)

+ |∇N
ΣFt|2 −

k∑
i=1

g(RM (Ft, Ei)Ei, Ft) + divΣ(Ftt) .

Inserting (1.94) into (1.87), integrating and using the minimality ofΣ and Stokes’
theorem, we get

d2

dt2t=0

Vol(F (Σ, t)) = −
k∑

i,j=1

∫
Σ

|g(Ft, A(Ei, Ej))|2

+
∫

Σ

|∇N
ΣFt|2 −

k∑
i=1

∫
Σ

g(RM (Ft, Ei)Ei, Ft)(1.95)

= −
∫

Σ

g(Ft, LFt) .

The self-adjoint operatorL is the so-calledstability operator(or Jacobi operator)
defined on a normal vector fieldX to Σ by

(1.96) LX = ∆N
Σ X +

k∑
i=1

RM (X,Ei)Ei + Ã(X) ,

whereÃ is Simons’ operatordefined by

(1.97) Ã(X) =
k∑

i,j=1

g(A(Ei, Ej), X)A(Ei, Ej)

and∆N
Σ is theLaplacian on the normal bundle, that is,

(1.98) ∆N
Σ X =

k∑
i=1

(∇Ei∇EiX)N −
k∑
i=1

(∇(∇Ei
Ei)TX)N .
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A normal vector fieldX with LX = 0 is said to be aJacobi field.
For a hypersurfaces with a trivial normal bundle, the stability operator simplifies

significantly since, in this case, it becomes an operator on functions. Namely, if we
identify a normal vector fieldX = η N with η, then

(1.99) Lη = ∆Σ η + |A|2 η + RicM (N,N) η .

We will adopt the convention thatλ is a (Dirichlet) eigenvalue ofL on Ω ⊂ Σ
if there exists a nontrivial normal vector fieldX which vanishes on∂Ω so that

(1.100) LX + λX = 0 .

Definition 1.19 TheMorse indexof a compact minimal surfaceΣ is the number
of negative eigenvalues of the stability operatorL (counted with multiplicity) acting
on the space of smooth sections of the normal bundle which vanish on the boundary.

The second variation formula shows that ifΣk ⊂Mn is a minimal submanifold,
then the Hessian of the area functional atΣ is given by

(1.101) −
∫

Σ

g(·, L ·) .

It follows that we could have equivalently defined the Morse index ofΣ to be the
index ofΣ as a critical point for the area functional.

We say that a minimal submanifoldΣk ⊂ Mn is stableif for all variationsF
with boundary fixed

(1.102)
d2

dt2t=0

Vol(F (Σ, t)) = −
∫

Σ

g(Ft, LFt) ≥ 0 .

Observe that stability is the same as requiring the stability operator to be negative
semidefinite (i.e., Morse index zero). Note also that ifΣn−1 ⊂ Rn is the graph
of a function satisfying the minimal surface equation, thenΣ is stable sinceΣ is,
in fact, area-minimizing. A complete (possibly noncompact) minimal submanifold
without boundary is said to bestableif all compact subdomains are stable.

For stable minimal hypersurfaces, we have the following useful inequality:

Lemma 1.20 (The Stability Inequality) Suppose thatΣn−1 ⊂ Mn is a stable
minimal hypersurface with trivial normal bundle, then for all Lipschitz functionsη
with compact support

(1.103)
∫

Σ

(inf
M

RicM +|A|2) η2 ≤
∫

Σ

|∇Ση|2 .

PROOF: SinceΣ is stable,

(1.104) 0 ≤ −
∫

Σ

η Lη = −
∫

Σ

(η∆Σ η + |A|2 η2 + RicM (N,N) η2) .
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Integrating by parts gives

(1.105)
∫

Σ

(RicM (N,N) + |A|2) η2 ≤
∫

Σ

|∇Ση|2 .

This proves the lemma.

By using Lemma 1.20 and a logarithmic cutoff argument (as in the proof of
Theorem 1.16), it is easy to give a second proof of Theorem 1.16. We will return
to this point of view in the next chapter.

We will close this section with some useful characterizations of stability for
minimal hypersurfaces with trivial normal bundle and we will derive some conse-
quences. This will require more background in PDE than in the rest of these notes;
when this occurs, precise references will be given.

For minimal hypersurfaces with trivial normal bundle, we saw that stability was
equivalent toλ1(Ω, L) ≥ 0 for everyΩ ⊂ Σ where

(1.106) λ1(Ω, L) = inf
{
−
∫
η Lη | η ∈ C∞0 (Ω) and

∫
Ω

η2 = 1
}
.

For smooth functionsu, we define theH1-norm by|u|2H1 =
∫
u2 +

∫
|∇u|2. The

Sobolev spaceH1
0 (Ω) is the closure of the compactly supported smooth functions

onΩ with respect to theH1-norm. Similarly,H1(Ω) is the closure of the space of
smooth functions onΩ with respect to theH1-norm. By standard elliptic theory,
see, for instance, [HaLi] or [GiTr], we get the following:

Lemma 1.21 LetL andΩ ⊂ Σ be as above. Ifu ∈ H1
0 (Ω) satisfies

∫
Ω
u2 = 1

and−
∫
Ω
uLu = λ1 = λ1(Ω, L), thenLu = −λ1u.

PROOF: If ψ is a smooth function with compact support inΩ and

(1.107)
∫
ψu = 0 ,

then obviously

(1.108)
d

dt t=0

∫
(u+ tψ)2 = 0 .

By the definition ofλ1, (1.108) implies that

(1.109) 0 =
d

dt t=0

∫
(u+ tψ)L(u+ tψ) = 2

∫
ψ Lu ,

where the second equality follows from Stokes’ theorem. By approximation, equa-
tion (1.109) holds for anyψ ∈ H1

0 (Ω) satisfying (1.107). In particular, given any
φ ∈ H1

0 (Ω), then (1.109) holds forψ = φ− u
∫
φu and thus

(1.110)
∫
φLu =

∫
φu

∫
uLu = −λ1

∫
φu .

Since (1.110) holds for allφ ∈ H1
0 (Ω), u is a weak solution toLu = −λ1 u. The

lemma now follows by elliptic regularity (theorem 8.8 of [GiTr]).



20 THE VARIATION FORMULAS AND SOME CONSEQUENCES

We will next recall the Harnack inequality for nonnegative solutions of uni-
formly elliptic equations. The version that we will use is contained in theorem 8.20
of [GiTr] and applies to a very general class of operators. For the next lemma, let
L be a second-order linear differential operator onRn given by

(1.111) Lu =
n∑

i,j=1

∂

∂xi

(
aij(x)

∂u

∂xj
+ bi(x)u

)
+

n∑
i=1

ci(x)
∂u

∂xi
+ d(x)u ,

where the coefficientsaij , bi, ci, d are measurable functions.

Lemma 1.22 Let L be a second-order linear differential operator onΩ ⊂ Rn
with bounded measurable coefficientsaij , bi, ci, d as in(1.111)satisfying

(1.112)
n∑

i,j=1

aijxixj ≥ λ|x|2

for someλ > 0 and

n∑
i,j=1

(aij)2 ≤ Λ ,(1.113)

λ−2
n∑
i=1

(|bi(x)|2 + |ci(x)|2) + λ−1|d(x)| ≤ ν2 ,(1.114)

for someΛ, ν < ∞. Suppose thatu ∈ C0(Ω) ∩ H1(Ω) satisfiesu ≥ 0 in Ω and
Lu = 0 weakly inΩ. Then, for any ballB4R(y) ⊂ Ω, we have

(1.115) sup
BR(y)

u ≤ C inf
BR(y)

u ,

whereC = C(n, Λ
λ , νR) <∞.

By using local coordinates and a covering argument with chains of balls we
can extend the Harnack inequality of Lemma 1.22 to elliptic equations on bounded
domains in a Riemannian manifold.

Combining Lemma 1.21 and the Harnack inequality, we see in the next lemma
that any eigenfunction for the first eigenvalue cannot change sign.

Lemma 1.23 If u is a smooth function onΩ that vanishes on∂Ω and Lu =
−λ1u whereλ1 = λ1(Ω, L), thenu cannot change sign inΩ.

PROOF: We may assume thatu is not identically zero. Sinceu vanishes on∂Ω,
so does|u|. In fact, it is easy to see that|u| also achieves the minimum in (1.106)
and hence, by Lemma 1.21, we haveL |u| = −λ1 |u|. Since|u| ≥ 0 and |u| is
not identically zero, the Harnack inequality, Lemma 1.22, implies that|u| > 0 in
Ω and the lemma follows.
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Since the eigenfunctions are all orthogonal to each other, Lemma 1.23 implies
that only the lowest eigenfunction does not change sign and, in fact, the first eigen-
value has multiplicity one. As a consequence, we see that ifΣ ⊂M is a stable min-
imal hypersurface with trivial normal bundle and without boundary, thenΣ̃ ⊂ M̃
is also stable whereG : M̃ →M is a covering map,̃Σ = G−1(Σ), andM̃ is given
the pullback metric. On the other hand, easy examples show that a cover of a stable
minimal submanifold is not in general stable (consider, for instance,RP2 ⊂ RP3).

More generally, we have the following:

Lemma 1.24 LetΣ be a minimal hypersurface with trivial normal bundle,L its
stability operator, andΩ ⊂ Σ a bounded domain. If there exists a positive function
u onΩ withLu = 0, thenΩ is stable.

PROOF: Setq = |A|2 + RicM (N,N) so thatL = ∆Σ + q. Sinceu > 0,
w = log u is well-defined and satisfies

(1.116) ∆Σw = −q − |∇Σw|2 .

Let f be a compactly supported smooth function onΩ. Multiplying both sides of
(1.116) byf2 and integrating by parts gives∫

f2 q +
∫
f2 |∇Σw|2 = −

∫
f2 ∆Σw ≤ 2

∫
|f | |∇Σf | |∇Σw|(1.117)

≤
∫
f2 |∇Σw|2 +

∫
|∇Σf |2 ,

where the second inequality follows from the Cauchy-Schwarz inequality. Can-
celling the

∫
f2 |∇Σw|2 term from both sides of (1.117), we see that−

∫
f Lf ≥ 0.

Since this is true for any suchf , the lemma follows.

Note that ifΣ is closed or, more generally, ifu vanishes on∂Σ, then Lemma
1.24 follows immediately from Lemma 1.23.

The variationF : R3×R → R3 given byF (·, t) : (x1, x2, x3) → (x1, x2, x3 +
t) is a one-parameter group of isometries ofR3, and hence for any surfaceΣ ⊂ R3

we have thatArea F (Σ, t) is constant. The variation vector field isFt = (0, 0, 1).
If Σ is minimal, then the second variation formula implies that〈N, (0, 0, 1)〉 (the
normal component of the variation vector field) is a Jacobi field. Furthermore,
whenΣ = Graphu

(1.118) 〈N, (0, 0, 1)〉 =
1√

1 + |∇R2u|2
,

is therefore a positive Jacobi field. Consequently, Lemma 1.24 gives another way
to see that minimal graphs are stable.

A manifold Σ is said to beparabolic if any positive superharmonic functionu
(i.e.,∆Σu ≤ 0) is constant. The next proposition shows that anyΣ with quadratic
volume growth is parabolic. In this proposition, we will letBΣ

s = BΣ
s (p) denote

an intrinsic (geodesic) ball inΣ.
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Proposition 1.25 Any complete surfaceΣ with Area (BΣ
s ) ≤ C s2 for all s > 0

is parabolic.

PROOF: Suppose thatu > 0 and ∆Σu ≤ 0 and definew = log u so that
|∇Σw|2 ≤ −∆Σw. Let r denote the distance top and define the cutoff function
η by η = 1 for r2 ≤ R, η = 2 − 2 log r

logR for R < r2 ≤ R2, and setη = 0 for

r2 > R2. By Stokes’ theorem and the absorbing inequality (2ab ≤ 1
2a

2 + 2b2),∫
η2 |∇Σw|2 ≤ −

∫
η2 ∆Σw ≤ 2

∫
η |∇Ση| |∇Σw|(1.119)

≤ 1
2

∫
η2 |∇Σw|2 + 2

∫
|∇Ση|2 .

Substituting the definition ofη and the area bound gives∫
BΣ√

R

|∇Σw|2 ≤
∫
η2 |∇Σw|2 ≤ 4

∫
|∇Ση|2

≤ 16
(logR)2

logR∑
`= 1

2 logR

∫
(BΣ

e`
\BΣ

e`−1 )

r−2(1.120)

≤ 16
(logR)2

logR∑
`= 1

2 logR

C e2 ≤ 8C e2

logR
.

LettingR→∞, we get thatw is constant.

Applying Proposition 1.25, we see that an entire minimal graphΣ2 is parabolic.
This follows since the intrinsic distance is bounded from below by the Euclidean
distance and therefore the area bound (1.18) implies that minimal graphs have
quadratic area growth. Settingu = 〈N, (0, 0, 1)〉 as in (1.118) gives a positive
Jacobi field. In particular,

(1.121) ∆Σu = −(|A|2 + RicR3(N,N))u = − |A|2 u ≤ 0 ,

so thatu is a positive superharmonic function. By Proposition 1.25,u must be
constant so that∆Σu = 0 and hence|A|2 = 0. In other words, any complete min-
imal graph defined onR2 must be flat. This yields another proof of the Bernstein
theorem, Theorem 1.16.

We will next give a characterization of stability for complete noncompact mini-
mal hypersurfaces with trivial normal bundle. We will assume that the boundary is
smooth if it is nonempty.

Proposition 1.26 (Fischer-Colbrie and Schoen [FiSc])If Σ is a complete non-
compact minimal hypersurface with trivial normal bundle, then the following are
equivalent:

λ1(Ω, L) ≥ 0 for every bounded domainΩ ⊂ Σ .(1.122)

λ1(Ω, L) > 0 for every bounded domainΩ ⊂ Σ .(1.123)

There exists a positive functionu withLu = 0 .(1.124)
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PROOF: By Lemma 1.24, (1.124) implies (1.122).
Clearly (1.123) implies (1.122). To see the equivalence of (1.122) and (1.123),

given any bounded domainΩ0 ⊂ Σ choose a strictly larger bounded domainΩ1.
The variational characterization of eigenvalues, (1.106), implies that

(1.125) λ1(Ω0, L) ≥ λ1(Ω1, L) ≥ 0 ,

where the second inequality follows from (1.122). Letu0 denote the first eigen-
function forL onΩ0, and defineu1 onΩ1 by

(1.126) u(x) =

{
u0(x) if x ∈ Ω0 ,

0 otherwise.

If we had equality in (1.125), then, by Lemma 1.21,Lu1 = −λ1u1 onΩ1 and, by
Lemma 1.23,u1 > 0 onΩ1. This is not possible sinceu1 vanishes onΩ1 \Ω0, and
thus the equivalence of (1.122) and (1.123) follows.

It remains to show that (1.123) implies (1.124). To do this, fixp ∈ Σ and for
eachr > 0 let

(1.127) BΣ
r = BΣ

r (p) = {q ∈ Σ | distΣ(p, q) < r} .

Sinceλ1(BΣ
r , L) > 0, by the Fredholm alternative (see theorem 6.15 of [GiTr]),

there exists a unique functionvr with

(1.128) Lvr = −|A|2 − RicM (N,N) onBΣ
r and vr = 0 on∂BΣ

r .

Settingur = vr + 1, (1.128) gives

(1.129) Lur = 0 onBΣ
r and ur = 1 on∂BΣ

r .

We claim thatur > 0 in BΣ
r . By the Harnack inequality, Lemma 1.22, it suffices

to show thatur ≥ 0 in BΣ
r . If this fails, then we can choose a nonempty connected

componentΩ of the open set{x ∈ BΣ
r | ur(x) < 0}. By construction, we have

ur < 0 in Ω andur = 0 on∂Ω, and Lemma 1.23 implies thatλ1(Ω, L) = 0. This
gives a contradiction and henceur > 0 in BΣ

r . Definewr > 0 by

(1.130) wr = (ur(p))−1 ur

and observe thatLwr = 0 andwr(p) = 1.
Now, letK be any compact set withK ⊂ BΣ

R0
. Applying the Harnack inequal-

ity (see theorem 8.27 of [GiTr] for the estimates up to∂Σ), we get for anyr ≥ 2R0

that

(1.131) sup
K
wr ≤ CK .

The interior and boundary Schauder estimates (theorems 6.2 and 6.6 of [GiTr])
imply that

(1.132) |wr|C2,α
K

≤ C ′K .
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In other words, ifK ⊂ BRΣ
0

, we have uniformC2,α
K estimates for everywr for r ≥

2R0. By the Arzela-Ascoli theorem, we can choose a subsequence of thewr that
converges uniformly inC2,α

2 on compact sets to a functionw. This convergence
guarantees thatw satisfiesLw = 0. Since eachwr was positive andwr(p) = 1, w
is nonnegative and hasw(p) = 1. Finally, the Harnack inequality implies thatw is
also positive, which completes the proof.

We can use Proposition 1.26 to give a slight generalization of the Bernstein
theorem.

Corollary 1.27 If Σ ⊂ R3 is a complete, connected, stable, parabolic, ori-
entable minimal surface without boundary, then it must be a plane.

PROOF: SinceΣ is orientable and stable, Proposition 1.26 implies that there
exists a functionu > 0 with

(1.133) ∆Σu = −(|A|2 + RicR3(N,N))u = − |A|2 u ≤ 0 .

SinceΣ is parabolic,u must be constant. Hence (1.133) implies that|A| ≡ 0 and
the corollary follows.
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Curvature Estimates and Consequences

In this chapter, we will give various generalizations of the Bernstein theorem dis-
cussed in Chapter 1. We begin by deriving Simons’ inequality for the Laplacian of
the norm squared of the second fundamental form of a minimal hypersurfaceΣ in
Rn. In the later sections, we will discuss various applications of such an inequality.
Our first application is to a theorem of Choi-Schoen giving curvature estimates for
minimal surfaces with small total curvature. Using this estimate, we give a short
proof of Heinz’s curvature estimate for minimal graphs. Next, we discuss a pri-
ori estimates for stable minimal surfaces in three-manifolds, including estimates
on area and total curvature of Colding-Minicozzi and the curvature estimate of
Schoen. After that, we follow Schoen-Simon-Yau and combine Simons’ inequality
with the stability inequality to show higherLp bounds for the norm squared of the
second fundamental form for stable minimal hypersurfaces. The higherLp bounds
are then used together with Simons’ inequality to show curvature estimates for sta-
ble minimal hypersurfaces and to give a generalization due to De Giorgi, Almgren,
and Simons of the Bernstein theorem proven in Chapter 1. We close the chapter
with a discussion of minimal cones in Euclidean space and the counterexample
of Bombieri-De Giorgi-Giusti to the Bernstein theorem in dimension greater than
seven.

2.1 Simons’ Inequality

In this section, we will derive a very useful differential inequality for the Laplacian
of the norm squared of the second fundamental form of a minimal hypersurfaceΣ
in Rn. In the later sections of this chapter, we will discuss various applications of
such an inequality. This inequality, originally due to J. Simons [Sim], asserts in its
most general form that for a minimal hypersurfaceΣn−1 ⊂Mn

(2.1) ∆Σ |A|2 ≥ −C (1 + |A|2)2 ,

whereC depends on the curvature ofM and its covariant derivative.
We will now derive Simons’ inequality in its original form, see [ScSiYa] for the

more general inequality described above.
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Lemma 2.1 (Simons’ Inequality [Sim]) Suppose thatΣn−1 ⊂ Rn is a mini-
mal hypersurface; then

(2.2) ∆Σ |A|2 ≥ −2 |A|4 + 2 (1 +
2

n− 1
) |∇Σ|A||2 .

Note that this can equivalently be expressed as

(2.3) |A|∆Σ |A|+ |A|4 ≥ 2
n− 1

|∇Σ|A||2 .

PROOF: Let Ei for i = 1, . . . , n be a locally defined orthonormal frame in a
neighborhood of somex ∈ Σ such thatEn is normal toΣ. Let a be the symmetric
two-tensor onΣ given by

(2.4) a(X,Y ) = g(A(X,Y ), En) = g(∇XY,En) = −g(∇XEn, Y ) ,

and setaij = −g(∇EiEn, Ej). That is,

(2.5) a =
n−1∑
i,j=1

aij Θi ⊗Θj ,

whereΘi is the dual (toEi) orthonormal frame. Leta..,k andaij,k be defined by

(2.6) a..,k =
n−1∑
i,j=1

aij,k Θi ⊗Θj = ∇Ek
a .

Sincea is a symmetric two-tensor, it follows thata..,k is also a symmetric two-
tensor. Note that, since the curvature ofRn vanishes,

aij,k = ∇T
Ek
a(Ei, Ej)

= Ek a(Ei, Ej)− a(∇T
Ek
Ei, Ej)− a(Ei,∇T

Ek
Ej)

= −Ek g(∇Ei
En, Ej) + g(∇∇T

Ek
Ei
En, Ej) + g(∇Ei

En,∇Ek
Ej)

= −g(∇Ek
∇Ei

En, Ej) + g(∇∇T
Ek
Ei
En, Ej)

= −g(∇Ei∇Ek
En, Ej) + g(∇∇T

Ei
Ek
En, Ej) = akj,i .

(2.7)

Therefore, leta..,. be the symmetric three-tensor given by

(2.8) a..,. =
n−1∑
i,j,k=1

aij,k Θi ⊗Θj ⊗Θk .

Next, we define a symmetric three-tensora..,.` by

(2.9) a..,.` =
n−1∑
i,j,k=1

aij,k` Θi ⊗Θj ⊗Θk = ∇E`
a..,. .
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Hence,

aij,k` = ∇T
E`
a..,.(Ei, Ej , Ek)

= E` a..,.(Ei, Ej , Ek)− a..,.(∇T
E`
Ei, Ej , Ek)

− a..,.(Ei,∇T
E`
Ej , Ek)− a..,.(Ei, Ej ,∇T

E`
Ek)

= E` a..,k(Ei, Ej)− a..,k(∇T
E`
Ei, Ej)

− a..,k(Ei,∇T
E`
Ej)−∇T

∇T
E`
Ek
a(Ei, Ej)

= E`Ek a(Ei, Ej)− E` a(∇T
Ek
Ei, Ej)− E` a(Ei,∇T

Ek
Ej)

− Ek a(∇T
E`
Ei, Ej) + a(∇T

Ek
∇T
E`
Ei, Ej) + a(∇T

E`
Ei,∇T

Ek
Ej)

− Ek a(Ei,∇T
E`
Ej) + a(∇T

Ek
Ei,∇T

E`
Ej) + a(Ei,∇T

Ek
∇T
E`
Ej)

−∇T
E`
Ek a(Ei, Ej) + a(∇T

∇T
E`
Ek
Ei, Ej) + a(Ei,∇T

∇T
E`
Ek
Ej)

= aij,`k +
n−1∑
m=1

Rk`im amj +
n−1∑
m=1

Rk`jm ami .

(2.10)

Note that this computation holds for any symmetric two-tensora. Recall that, by
the Gauss equations,

(2.11) Rijk` = ajk ai` − aik aj` ,

and therefore (2.10) can be written as

aik,jk = aik,kj +
n−1∑
m=1

Rjkim amk +
n−1∑
m=1

Rjkkm ami

= aik,kj +
n−1∑
m=1

(aki ajm − aji akm) amk +
n−1∑
m=1

(akk ajm − ajk akm) ami .

(2.12)
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Finally, we are ready to show Simons’ equation. Using (2.12), we get that

∆Σ |A|2 = 2
n−1∑
i,j=1

aij ∆Σaij + 2
n−1∑
i,j=1

|∇Σaij |2

= 2
n−1∑
i,j,k=1

aij aij,kk + 2
n−1∑
i,j,k=1

a2
ij,k

= 2
n−1∑
i,j,k=1

aij aik,jk + 2
n−1∑
i,j,k=1

a2
ij,k

= 2
n−1∑
i,j,k=1

aij akk,ij + 2
n−1∑

i,j,k,m=1

aij (aki ajm − aji akm) amk

+ 2
n−1∑

i,j,k,m=1

aij (akk ajm − ajk akm) ami + 2
n−1∑
i,j,k=1

a2
ij,k

= −2
n−1∑

i,j,k,m=1

a2
ij a

2
km + 2

n−1∑
i,j,k=1

a2
ij,k .

(2.13)

Therefore, we get

(2.14) ∆Σ|A|2 = −2 |A|4 + 2
n−1∑
i,j,k=1

a2
ij,k

which isSimons’ equation.
We will now see how to obtain Simons’ inequality from this. Observe first that,

sincea is symmetric, we may chooseEi, i = 1, . . . , n− 1, such that atx we have
aij = λi δij . Therefore, by the Cauchy-Schwarz inequality

4 |A|2 |∇|A||2 = |∇|A|2|2 =
n−1∑
k=1

[(
n−1∑
i,j=1

a2
ij)k]

2(2.15)

= 4
n−1∑
k=1

(
n−1∑
i=1

aii,k aii)2 ≤ 4 |A|2
n−1∑
i,k=1

a2
ii,k .

Hence (2.15) gives

(2.16) |∇|A||2 ≤
n−1∑
i,k=1

a2
ii,k .
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Therefore, by minimality and (2.16)

|∇|A||2 ≤
n−1∑
i,k=1

a2
ii,k =

∑
i 6=k

a2
ii,k +

n−1∑
i=1

a2
ii,i

=
∑
i 6=k

a2
ii,k +

n−1∑
i=1

∑
i 6=j

ajj,i

2

(2.17)

≤
∑
i 6=k

a2
ii,k + (n− 2)

n−1∑
i=1

∑
i 6=j

a2
jj,i = (n− 1)

∑
i 6=k

a2
ii,k

= (n− 1)
∑
i 6=k

a2
ik,i =

n− 1
2

∑
i 6=k

a2
ik,i +

∑
i 6=k

a2
ki,i

 .

From (2.16) and (2.17), we get

(1 +
2

n− 1
) |∇|A||2 ≤

n−1∑
i,k=1

a2
ii,k +

∑
i 6=k

a2
ik,i +

∑
i 6=k

a2
ki,i

≤
n−1∑
i,j,k=1

a2
ij,k .(2.18)

Combining (2.18) with Simons’ equation (i.e., (2.14)) yields Simons’ inequality.

The following is a consequence of this lemma: Ifn = 3 andΣ2 ⊂ R3 is a
minimal surface, then

(2.19) ∆ log |A|2 =
∆|A|2 − 4 |∇|A||2

|A|2
= −2 |A|2 .

This follows since, for a surface, Simons’ equation actually implies the equation

(2.20) ∆|A|2 = −2 |A|4 + 4 |∇|A||2

and not just an inequality. This is easily seen since, in the case of a surface, the
Cauchy-Schwarz inequalities applied above are equalities by minimality.

Equation (2.19) has the nice geometric interpretation that

(2.21) |A| 〈·, ·〉

is a flat (possibly singular) metric onΣ. Namely, if(Σ, g) is a Riemann surface and
f is a positive function onΣ, then the curvature of(Σ, f2 g) is given by

(2.22) Kg = ∆g log f + f2 Kf2 g .
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Takingf = |A| 12 in this formula, where|A| > 0, and using Simons’ equation in
dimension two yields, by minimality,

−|A|2 = 2KΣ = ∆Σ log |A|+ 2 |A|K|A|Σ(2.23)

= −|A|2 + 2 |A|K|A|Σ .

This clearly implies that|A| 〈·, ·〉 is a flat metric onΣ where|A| > 0.
The formula for the curvature of the conformally changed metric (i.e., formula

(2.22)) can easily be proven using moving frames. Namely, forx ∈ Σ, letE1 and
E2 be an orthonormal frame of(Σ, g) in a neighborhoodx and letΘi be the dual
orthonormal coframe. Then̄Θi = f Θi is an orthonormal coframe for(Σ, f2 g).
Further from the Cartan equations we see that

(2.24) ω̄1,2 = ω1,2 − E2(log f) Θ1 + E1(log f) Θ2

and therefore

Ω̄1,2 = dω̄1,2 = dω1,2 + [E1(E1(log f)) + E2(E2(log f))]Θ1 ∧Θ2

− E2(log f) dΘ1 + E1(log f) dΘ2(2.25)

= Ω1,2 +
∆g log f
f2

Θ̄1 ∧ Θ̄2 ,

and the claim follows.

2.2 Curvature Estimates for Minimal Surfaces

In this section, we will give some curvature estimates for minimal surfaces. In
particular, we will obtain a priori interior curvature bounds for minimal surfaces
which either have small total curvature, are graphical, or have small excess. Before
doing so, it will be useful to have the following elementary lemma:

Lemma 2.2 (Small Curvature Implies Graphical) Suppose thatΣ2 ⊂ B4s ⊂
Rn is an immersed surface with∂Σ ⊂ ∂B4s and

(2.26) 16 s2 sup
Σ
|AΣ|2 ≤ 1 .

If x ∈ B2s ∩ Σ, then the connected component ofBs(x) ∩ Σ containingx can be
written as a graph of a functionu over its tangent plane atx with |∇u| ≤ 1 and√

2 s |Hessu | ≤ 1.

PROOF: Within this lemma, we define

(2.27) dx,y ≡ distSn−1 (N(x), N(y)) .

In order to show thatx ∈ Bs ∩Σ is graphical over its tangent plane atx, it suffices
to show that for anyy ∈ Bs(x) ∩ Σ we have

(2.28) dx,y <
π

2
.
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If (2.28) holds and we writeBs(x) ∩Σ as the graph overTxΣ of a functionu then
(compare (1.3))

(2.29) 1 + |∇u|2 = 〈N(x), N(y)〉−2 = cos−2 dx,y .

Equation (2.29) implies that so long as

(2.30) dx,y <
π

4
;

then|∇u| ≤ 1.
Recall that|∇N | ≤ |A|. Therefore, giveny ∈ Σ, integrating (2.26) along the

geodesic joiningx andy gives

(2.31) dx,y ≤
1
4 s

distΣ (x, y) .

In particular,Σ̃ = {y ∈ Σ | distΣ(x, y) ≤ 2 s} ⊂ B4s satisfies

(2.32) sup
y∈Σ̃

dx,y ≤
1
2
<
π

4
,

and therefore, since (2.30) holds,Σ̃ is a graph overTxΣ with gradient bounded by
1.

We must show that the component ofBs(x)∩Σ containingx is contained iñΣ.
Lettingr(y) = |y−x|, condition (2.30) implies that|∇Σr| ≥ 1/

√
2. Consequently,

Σ̃ must, in fact, contain the component ofΣ in an extrinsic ball of radius
√

2s. This
completes the proof of the graphical representation and the gradient bound.

Finally, applying the estimate (1.67)

(2.33) |Hessu |2 ≤ (1 + |∇u|2)2 |A|3 ≤ 8
1

16 s2
,

we get the desired bound on the Hessian ofu.

Note that, if we replace the bound1 on the right-hand side of (2.26) by some
δ < 1, then instead of (2.32) we get

(2.34) sup
y∈Σ̃

dx,y ≤
δ

2
.

If 0 < s < π
4 , then

(2.35)
∂

∂s
cos−2 s = 2 sin s cos−3 s ≤ 4 ,

so thatcos−2 s ≤ 1 + 4 s. Therefore, (2.29) and (2.34) imply that

(2.36) |∇u|2 ≤ 4 δ .

We will next prove the “small total curvature” estimate of Choi and Schoen
[CiSc], cf. M. T. Anderson [An] and B. White [Wh1].
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Theorem 2.3 (Choi-Schoen [CiSc]) LetMn be ann-dimensional Riemannian
manifold. There exist,ε = ε(M) > 0 and ρ = ρ(M) > 0 such that ifr0 < ρ,
Σ2 ⊂M is a compact minimal surface with∂Σ ⊂ ∂Br0(x), 0 < δ ≤ 1, and

(2.37)
∫
Br0∩Σ

|A|2 < δ ε ,

then for all0 < σ ≤ r0 andy ∈ Br0−σ(x)

(2.38) σ2 |A|2(y) ≤ δ .

PROOF: We shall give the proof for the caseMn = Rn and leave the necessary
modifications for the general case to the reader, cf. Chapter 5.

SetF = (r0 − r)2 |A|2 on Br0 ∩ Σ and observe thatF vanishes on∂Br0 .
Let x0 ∈ Σ be a point whereF achieves its maximum and note that it is enough
to show thatF (x0) < δ. Suppose not, so thatF (x0) ≥ δ, and letσ > 0 with
2σ < r0 − r(x0) be such that

(2.39) 4σ2 |A|2(x0) = δ .

SinceF achieves its maximum atx0,

sup
Bσ(x0)∩Σ

σ2 |A|2 = sup
Bσ(x0)∩Σ

σ2 F

(r0 − r)2

≤ 4σ2

(r0 − r(x0))2
sup

Bσ(x0)∩Σ

F ≤ 4σ2

(r0 − r(x0))2
F (x0)(2.40)

≤ 4σ2 |A|2(x0) = δ .

From this, we conclude that

(2.41) |A|2(x0) =
δ σ−2

4

and

(2.42) sup
Bσ(x0)∩Σ

|A|2 ≤ δ σ−2 .

After rescaling the ballBσ(x0) to unit size, we have

(2.43) |A|2(x0) =
δ

4

and

(2.44) sup
B1(x0)∩Σ

|A|2 ≤ δ ≤ 1 .
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By Simons’ inequality onB1(x0) ∩ Σ,

(2.45) ∆|A|2 ≥ −2 |A|2 .

The desired contradiction now follows from the mean value inequality. Namely,
Corollary 1.12 implies that

(2.46)
δ

4
= |A|2(x0) ≤ e

∫
B1(x0)

|A|2

π
<

e
π
δ ε ,

which is a contradiction provided thatε is chosen sufficiently small.

Before going on, we will make some remarks about this theorem. For this,
it will convenient to letBΣ

s (x0) denote the intrinsic ball of radiuss centered at
x0 ∈ Σ. We will use this notation for the remainder of this section.

First, Theorem 2.3 holds with intrinsic balls instead of extrinsic balls (with
slightly different constants). To see this, letr denote the intrinsic distance instead,
replace extrinsic balls with intrinsic balls, and follow the argument verbatim up to
(2.45). At this point, arguing as in Lemma 2.2, (2.44) implies thatBΣ

1 (x0) contains
the connected component ofB1/2(x0) which containsx0. We can now replace
B1(x0) with B1/2(x0) and apply the mean value inequality to complete the proof
as before.

Second, by Lemma 2.2, the curvature bounds of the previous result, (2.38) im-
ply that the connected components ofBσ/4(y) ∩ Σ are graphical with bounded
gradient and Hessian. This implies that the associated minimal surface equation
is a uniformly elliptic divergence form equation withC1 coefficients. Standard
elliptic theory then yields uniform estimates (see, for instance, corollary16.7 of
[GiTr]). This will be used later in Chapter 5 when we study compactness theorems
for minimal surfaces.

Theorem 2.4 (E. Heinz [He]) LetDr0 be a disk inR2 of radiusr0. Suppose
that u : Dr0 → R satisfies the minimal surface equation; then forΣ = Graphu
and0 < σ ≤ r0

(2.47) σ2 sup
Dr0−σ

|A|2 ≤ C .

PROOF: Clearly, the theorem would follow provided we can show the case
whereσ = r0. We have already shown in Corollary 1.15 of the previous chapter
that, for anyκ > 1,

(2.48)
∫
Br0/

√
κ∩Graphu

|A|2 ≤ 16C2 e2 Area(S2)
log κ

.

We chooseκ > 1 so that

(2.49)
16 e2 C2 Area(S2)

log κ
< ε ,

whereε is given by Theorem 2.3 and the theorem now easily follows.
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So far we have seen that both minimal surfaces with small total curvature and
minimal graphs satisfy a priori curvature estimates. We will see below that small
area also implies a curvature estimate (see Theorem 2.10). In fact, for simply con-
nected embedded minimal surfaces, any bound at all on the area or total curvature
implies a curvature estimate. This argument applies more generally to surfaces with
quasi-conformal Gauss maps (cf. (5.6)), but we will state only the following special
case:

Theorem 2.5 (Schoen-Simon [ScSi]) Let 0 ∈ Σ2 ⊂ Br0 = Br0(0) ⊂ R3 be
an embedded simply connected minimal surface with∂Σ ⊂ ∂Br0 . If µ > 0 and
either

Area(Σ) ≤ µ r20 , or(2.50) ∫
Σ

|A|2 ≤ µ ,(2.51)

then for the connected componentΣ′ ofBr0/2 ∩ Σ with 0 ∈ Σ′ we have

(2.52) sup
Σ′
|A|2 ≤ C r−2

0

for someC = C(µ).

As an immediate consequence, lettingr0 → ∞ gives Bernstein-type theorems
for embedded simply connected minimal surfaces with either bounded density or
finite total curvature. Note that Enneper’s surface shows that embeddedness is es-
sential.

For stable minimal surfaces in three-manifolds, no assumption on the total cur-
vature, area, or topology is needed to get curvature estimates. This is not known
in higher dimensions; we will discuss the higher dimensional case in the next two
sections.

The key fact in two dimensions is that stability itself implies a priori bounds
on the geometry of the surface. The first local result in this direction was given by
Schoen in [Sc] where he estimated the conformal factor of a stable minimal im-
mersion (with trivial normal bundle) into a manifold with Ricci curvature bounded
below.

The following result gives local area and total curvature estimates for intrin-
sic balls in a stable minimal surface assuming only a lower bound on the scalar
curvature:

Theorem 2.6 (Colding-Minicozzi [CM11]) Let Σ2 be an immersed stable
minimal surface inM3 with trivial normal bundle,1 ≥ 6 r20 Λ ≥ 0 andScalM ≥
−3Λ. If BΣ

r0 = BΣ
r0(x) ⊂ Σ withBΣ

r0 ∩ ∂Σ = ∅, then

(2.53) r−2
0 Area(BΣ

r0) +
∫
BΣ

r0

[|A|2 + 2 (ScalM +3Λ)] (1− r/r0)2 ≤ 4π .

If RicM ≥ −Λ, then for any integerm > 0

(2.54)
∫
BΣ

e−2 m r0

|A|2 + (RicM (N,N) + Λ) ≤ 4πΛ r20 e−2m +4π e2 /m .
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As immediate consequences, if the scalar or Ricci curvature is nonnegative (i.e.,
Λ = 0), then we can letr0 →∞ in Theorem 2.6 to obtain Bernstein-type theorems.
First, if RicM ≥ 0, thenΣ must be parabolic and totally geodesic (this is the
Bernstein theorem of [FiSc]). Second, ifScalM ≥ 0, thenΣ must be parabolic
and have finite total second fundamental form (the first part of this is proven in
[FiSc]; the second part is proven in [CM11]). See [CM11] for further discussion
in this direction, as well as extensions to manifolds with negative scalar and Ricci
curvature.

The following is now a consequence of (2.54) and Theorem 2.3:

Theorem 2.7 (R. Schoen [Sc]) If Σ2 ⊂ M3 is an immersed stable minimal
surface with trivial normal bundle andBΣ

r0 = BΣ
r0(x) ⊂ Σ\∂Σ, where|KM | ≤ k2

andr0 < ρ1(π/k, k), then for someC = C(k) and all0 < σ ≤ r0,

(2.55) sup
BΣ

r0−σ

|A|2 ≤ C σ−2 .

Since intrinsic balls are contained in extrinsic balls:

Corollary 2.8 (R. Schoen [Sc]) If Σ2 ⊂ Br0 = Br0(x) ⊂ M3 is an im-
mersed stable minimal surface with trivial normal bundle, where|KM | ≤ k2,
r0 < ρ1(π/k, k), and∂Σ ⊂ ∂Br0 , then for someC = C(k) and all0 < σ ≤ r0,

(2.56) sup
Br0−σ

|A|2 ≤ C σ−2 .

See [CM11] for a generalization, and proof, of Theorem 2.7. Before going on,
we will briefly discuss this generalization.

LetM3 be a Riemannian3-manifold. Given a functionφ ≥ 1 on the unit sphere
bundle ofM , we can define a functionalΦ on an immersed oriented surfaceΣ in
M by

(2.57) Φ(Σ) =
∫
x∈Σ

φ(x,N(x)) dx .

The restriction toφ ≥ 1 is a convenient normalization. By analogy with the area
functional (i.e., whereφ ≡ 1), a surface is said to beΦ-stationaryif it is a critical
point forΦ. A Φ-stationarysurface isΦ-stableif its second variation is nonnegative
for deformations of compact support. See [Al2] for more on the first and second
variation of a parametric integrand.Φ is elliptic if there is someλ > 0 such that,
for eachx ∈M , v → [φ(x, v/|v|)− λ]|v| is a convex function ofv ∈ TxM .

Curvature estimates continue to hold forΦ-stable surfaces. Namely, letD1φ
andD2φ denote the derivatives ofφ with respect to the first and second compo-
nents, respectively; then we have the following:

Theorem 2.9 (Colding-Minicozzi [CM11]) There existε, ρ > 0, and C,
whereρ,C depend on|φ|C2,α , |D2φ|C2,α , so that ifr0 ≤ ρ, |D2φ| + |D2

2φ| < ε,
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andBΣ
r0 = BΣ

r0(x) is a ball in an immersed orientedΦ-stable surfaceΣ ⊂ R3 with
BΣ
r0 ∩ ∂Σ = ∅, then for all0 < σ ≤ r0,

(2.58) sup
BΣ

r0−σ

|A|2 ≤ C σ−2 .

As for the minimal surface equation, standard elliptic theory then implies higher
derivative estimates (see [Si2]; cf. chapter16 of [GiTr]).

We note that many of the standard tools for minimal surfaces do not hold for
generalΦ. In particular, monotonicity of area (i.e., Proposition 1.8) and Simons’
inequality (i.e., Lemma 2.1) no longer hold. This introduces significant complica-
tions. For instance, Simons’ inequality and an iteration argument were used in [Sc]
to estimate the conformal factor for a stable immersion.

Finally, we will close this section by proving curvature estimates for (smooth)
minimal surfaces with smallexcessfollowing [CM8]. Allard’s regularity theorem
[Al1] shows that this estimate holds more generally without assuming smoothness.

Let Σ2 ⊂ B1 be a smooth minimal surface with∂Σ ⊂ ∂B1. Given0 < s < 1
andx ∈ B1−s ∩ Σ, theexcessfor Σ in Bs(x) is defined to be

(2.59) Θx(s)− 1 =
Area(Bs(x) ∩ Σ)

π s2
− 1 .

Monotonicity (i.e., Proposition 1.8) implies that the excess is nonnegative and
monotone increasing ins.

Theorem 2.10 There existε > 0 andC < ∞ such that if0 ∈ Σ2 ⊂ B2r0 is a
smooth compact minimal surface with∂Σ ⊂ ∂B2r0 and for ally ∈ Br0 ∩ Σ

(2.60) Θy(r0)− 1 < ε ,

then for all0 < σ ≤ r0 andy ∈ Br0−σ(x)

(2.61) σ2 |A|2(y) ≤ 1 .

PROOF: First, note that, by monotonicity, (2.60) implies that for alls < r0 and
y ∈ Br0 ∩ Σ

(2.62) Θy(s)− 1 < ε .

DefiningF = (r0 − r)2 |A|2 onBr0 ∩ Σ, it suffices to show thatF ≤ 1. Suppose
not and argue as in the proof of Theorem 2.3, so that after rescalingΣ we have

(2.63) |A|2(x0) =
1
4

and

(2.64) sup
B1(x0)∩Σ

|A|2 ≤ 1 .



2.2 CURVATURE ESTIMATES FORM INIMAL SURFACES 37

Furthermore, (2.62) implies that for anys < 1

(2.65) Area(Bs(x0) ∩ Σ) ≤ π(1 + ε)s2 .

To complete the proof, we will show that (2.63), (2.64), and (2.65) lead to a con-
tradiction forε > 0 sufficiently small.

First, applying Theorem 2.3, (2.63) implies that

(2.66) π C ≤
∫
B 1

32
(x0)∩Σ

|A|2 ,

whereC comes from Theorem 2.3. By Lemma 2.2,B1/8(x0) ∩ Σ is a graph
with gradient bounded by1. In particular, it is simply connected and forx, y ∈
B1/8(x0) ∩ Σ

(2.67) |x− y| ≤ distΣ(x, y) ≤
√

2 |x− y| .

In the remainder of this proof,BΣ
s will denote the intrinsic ball inΣ of radiuss

centered atx0. Combining (2.66) and (2.67), we get

(2.68) π C ≤
∫
BΣ

1/16

|A|2 .

SinceΣ is minimal, the Gauss equation implies thatK = KΣ = −2|A|2 ≤ 0. Let-
tingL(t) denote the length of∂BΣ

t , the usual comparison theorem for nonpositive
curvature implies that

(2.69) L(t) ≥ 2π t .

The first variation formula for arc length gives

(2.70) L′(t) =
∫
∂BΣ

t

kg ,

wherekg is the geodesic curvature. On the other hand, for1
16 ≤ t ≤ 1

8 we can
estimate this using the Gauss-Bonnet theorem to get

(2.71) L′(t) ≥ 2π −
∫
BΣ

t

K = 2π + 2
∫
BΣ

t

|A|2 ≥ 2π(1 + C) ,

where the second inequality follows from (2.68). Using (2.69), integrating (2.71)
yields for 3

32 ≤ t ≤ 1
8

(2.72) L(t) ≥
(

2 +
C

2

)
π t .

By the coarea formula (i.e., (1.40)),Area(BΣ
t ) =

∫ t
0
L(t). Therefore, using (2.69)

for 0 ≤ t < 3
32 and (2.72) for 3

32 ≤ t ≤ 1
8 , we have

(2.73) Area(BΣ
1
8
) ≥ π

(
1 +

C

32

)
1
64
.
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Finally, (2.67) and (2.65) give

(2.74) Area(BΣ
1
8
) ≤ Area(B 1

8
(x0) ∩ Σ) ≤ π(1 + ε)

64
,

which contradicts (2.73) forε sufficiently small. This contradiction completes the
proof.

The above proof shows that, for surfaces, Theorem 2.3 implies the smooth ver-
sion of Allard’s estimate. In fact, these estimates can be shown to be equivalent by
a similar argument using Proposition 5.16. This, and related results, are discussed
in more detail in [CM8].

2.3 Lp Bounds of|A|2 for Stable Hypersurfaces

In this section, we combine Simons’ inequality with the stability inequality to show
higherLp bounds for the square of the norm of the second fundamental form for
stable minimal hypersurfaces. In the next section, we will use this bound together
with Simons’ inequality to show curvature estimates for stable minimal hypersur-
faces.

Theorem 2.11 (Schoen-Simon-Yau [ScSiYa]) Suppose thatΣn−1 ⊂ Rn is an
orientable stable minimal hypersurface. For allp ∈ [2, 2+

√
2/(n− 1)) and each

nonnegative Lipschitz functionφ with compact support

(2.75)
∫

Σ

|A|2p φ2p ≤ C(n, p)
∫

Σ

|∇φ|2p .

PROOF: If we insertη = |A|1+q f in the stability inequality (i.e., Lemma 1.20)
for 0 ≤ q <

√
2/(n− 1), we get∫

|A|4+2q f2 ≤
∫
|f ∇|A|1+q + |A|1+q∇f |2

= (1 + q)2
∫
f2|∇|A||2 |A|2q +

∫
|A|2+2q|∇f |2(2.76)

+ 2(1 + q)
∫
f |A|1+2q〈∇f,∇|A|〉 .

Multiply Simons’ inequality, that is,

(2.77) |A|∆|A|+ |A|4 ≥ 2
n− 1

|∇|A||2 ,

by |A|2qf2 and integrate to get

2
n− 1

∫
|∇|A||2 |A|2qf2 ≤

∫
|A|4+2qf2 +

∫
f2|A|1+2q∆|A|

=
∫
|A|4+2qf2 − 2

∫
f |A|1+2q〈∇f,∇|A|〉(2.78)

− (1 + 2q)
∫
f2|A|2q|∇|A||2 .
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Combining (2.76) and (2.78) gives(
2

n− 1
− q2

)∫
|A|2q |∇|A||2 f2(2.79)

≤
∫
|A|2+2q |∇f |2 + 2q

∫
f |A|1+2q 〈∇f, ∇|A|〉 .

Therefore, by the absorbing inequality, i.e,xy ≤ ε x2/2 + y2/(2ε), which holds
for all ε > 0, we get(

2
n− 1

− q2
)∫

|A|2q |∇|A||2 f2 ≤(2.80) ∫
|A|2+2q |∇f |2 + ε q

∫
f2 |A|2q |∇|A||2 +

q

ε

∫
|∇f |2 |A|2+2q .

Hence,

(2.81)

(
2

n− 1
− q2 − ε q

)∫
f2|A|2q|∇|A||2 ≤

(
1 +

q

ε

)∫
|∇f |2|A|2+2q ,

and therefore (for anyε < 2/(n−1)−q2
q )∫

|A|4+2qf2 ≤ 2(1 + q)2
∫
f2|A|2q|∇|A||2 + 2

∫
|A|2q+2|∇f |2

≤

(
2(1 + q)2(1 + q/ε)

2
n−1 − q2 − ε q

+ 2

)∫
|A|2+2q|∇f |2 .(2.82)

If we setp = 2 + q andf = φp, then2 ≤ p < 2 +
√

2/(n− 1) and for some
c = c(n, p)

(2.83)
∫
|A|2pφ2p ≤ c

∫
|A|2p−2φ2p−2|∇φ|2 .

Finally, if we apply Young’s inequality (i.e.,xy ≤ xa/a+ yb/b for 1/a+1/b = 1)
to x = δ |A|2p−2φ2p−2, y = |∇φ|2/δ, a = p

p−1 , andb = p, then

(2.84)
∫
|A|2pφ2p ≤ c

p− 1
p

δ
p

p−1

∫
|A|2pφ2p +

c

p
δ−p

∫
|∇φ|2p .

The claim easily follows from this if we chooseδ > 0 sufficiently small.

2.4 Bernstein Theorems and Curvature Estimates

In this section, we will first show a generalization of the Bernstein theorem proven
in Chapter 1.
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Theorem 2.12 (S. Bernstein [Be] forn = 3, E. De Giorgi [DG] forn = 4, F. J.
Almgren, Jr. [Am1] forn = 5, and J. Simons [Sim] forn ≤ 8) If u : Rn−1 → R
is an entire solution to the minimal surface equation andn ≤ 8, thenu is a linear
function.

PROOF: (The proof we give follows [ScSiYa]). We will prove this result here
only for n ≤ 6. Suppose thatn ≤ 6 and fixx ∈ Rn. For eachr > 0 let φ be the
cutoff function withφ|Br ≡ 1, φ|B2r ≡ 0 and such thatφ decays linearly in the
radial direction on the annulusB2r \Br. By combining theLp bound of|A|2 from
Theorem 2.11 for this cutoff function and2p = 4+

√
7/5 < 4+

√
8/(n− 1) with

the volume bound for minimal graphs (1.20), we get

(2.85)
∫
Br∩Σ

|A|4+
√

7/5 ≤ C(n, p) r−4−
√

7/5 Vol(B2r ∩ Σ) ≤ C̄ rn−5−
√

7/5 .

Sincen − 5 −
√

7/5 < 0, by lettingr go to infinity we get that|A|2 ≡ 0. The
claim now easily follows.

In fact, we get curvature estimates for minimal graphs. Namely, we have the
following:

Theorem 2.13 (E. Heinz [He] forn = 3, Schoen-Simon-Yau [ScSiYa] forn ≤
6, and L. Simon [Si1] forn ≤ 8) If u : Dr0 ⊂ Rn−1 → R is a solution to the
minimal surface equation on the(n− 1)-dimensional disk of radiusr0 andn ≤ 8,
then for0 < σ ≤ r0

(2.86) sup
Dr0−σ

|A|2 ≤ C(n)σ−2 .

PROOF: (Again, we prove this only forn ≤ 6). The proof closely follows
that of Theorem 2.4. Namely, taking2p = n in Theorem 2.11 and lettingφ be a
logarithmic cutoff function (as in the proof of Corollary 1.15), we get that the area
bounds for minimal graphs imply that

(2.87)
∫
B√κ R∩Graphu

|A|n ≤ C1

log κ
,

whereC1 = C1(n), κ > 1, andκR ≤ r0. On the other hand, Simons’ inequality
implies that

(2.88) ∆|A|n ≥ −C2 |A|n+2 ,

so we can argue as in Theorem 2.3 to get a corresponding curvature estimate.

2.5 Minimal Cones

We close this chapter with a discussion of minimal cones in Euclidean space. The
study of these cones has been important both in the generalizations of the theorem
of Bernstein and on issues of local regularity.
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If Nk−1 is a (smooth) submanifold ofSn−1 ⊂ Rn, then theconeoverN will be
denoted byC(N) and, as a set,C(N) = {x ∈ Rn | x/|x| ∈ N}. ThereforeC(N)
is a smoothk-dimensional submanifold away from the origin (which is the vertex
of the cone). By definition, cones are invariant under dilations about the origin.
First, we have the following simple lemma whose proof is left for the reader:

Lemma 2.14 A submanifoldNk−1 ⊂ Sn−1 is minimal if and only if its Eu-
clidean mean curvature is everywhere normal toSn−1 ⊂ Rn.

Let x = (x1, . . . , xn) denote the position vector inRn and setr = |x|. It
follows from this lemma that ifNk−1 ⊂ Sn−1 is minimal, then the Euclidean
mean curvature ofN is given by the vector field∆x = (∆x1, . . . ,∆xn), where∆
is the metric Laplacian onN .

We now get the following lemma:

Lemma 2.15 If Nk−1 ⊂ Sn−1 is a minimal submanifold, then the coordinate
functions are eigenfunctions with eigenvaluek − 1.

PROOF: SinceN is minimal,∆x is normal toSn−1. Therefore,∆x = x f for
some functionf . Sincex ∈ Sn−1, |x|2 = 1 and hence

(2.89) 0 = ∆|x|2 = 2 〈x,∆x〉+ 2|∇x|2 = 2 f + 2(k − 1) .

Example 2.16 If Sk−1 is a totally geodesic(k − 1)-sphere inSn−1, then
C(Sk−1) is ak-dimensional plane through the origin inRn.

Let Nk−1 ⊂ Sn−1 be an immersed submanifold (not necessarily minimal).
Since

(2.90) ∇C(N)u = r−1∇Nu(r−1 ·) +
∂u

∂r

∂

∂r
,

a direct computation shows that the Laplacians ofN andC(N) are related by the
following simple formula atx 6= 0:

(2.91) ∆C(N)u = r−2∆Nu(r−1 x) + (k − 1) r−1 ∂

∂r
u+

∂2

∂r2
u .

Lemma 2.17 If Nk−1 ⊂ Sn−1 is a minimal submanifold, thenC(N) ⊂ Rn is
minimal.

PROOF: It suffices to show that each coordinate functionxi is harmonic on
C(N). We writexi = r ui whereui is independent ofr and so thatxi andui agree
onN ⊂ Sn−1. Lemma 2.15 and (2.91) give

(2.92) ∆C(N)xi = r−1∆Nui + ui (k − 1) r−1 ∂

∂r
r + ui

∂2

∂r2
r

= −(k − 1) r−1ui + (k − 1) r−1ui = 0 .
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Minimal cones arise in the generalizations of Bernstein’s original theorem and
in the study of local regularity for minimal submanifolds. The key fact here is that
since cones are invariant under dilations, the ratioVol(C(N)∩Br)/rk is constant.

Conversely, ifΣk is minimal and this ratio is constant, then we have equality in
the monotonicity formula. It follows that∇|x|2 is tangent toΣ almost everywhere
and hence thatΣ is invariant under dilations.

Suppose now thatΣk is an area-minimizing minimal hypersurface. Arguing
as we did in (1.20) for minimal graphs in Chapter 1, the densityVΣ is uniformly
bounded. Ifrj → 0, then the sequenceΣj = rj Σ of dilated surfaces is also area-
minimizing. The bound onVΣj

implies the existence of a convergent subsequence
(say, as area-minimizing currents or stationary varifolds); see the next chapter for
more on this. The (not necessarily unique) limit is denoted byΣ∞ and is also area-
minimizing. It follows from the monotonicity formula thatVΣ∞ = VΣ is also
equal to the density ofΣ∞ at the origin. Therefore, we have equality in the mono-
tonicity formula and consequentlyΣ∞ is an area-minimizing minimal cone. This
argument, which dates back to W. Fleming [Fl], allows one to prove the Bernstein
theorem by showing the nonexistence of area-minimizing cones.

Theorem 2.18 (Fleming [Fl]) If there is a nonlinear entire solution of the min-
imal surface equation onRn, then there is a singular area-minimizing cone in
Rn+1.

Shortly after Fleming’s result, E. De Giorgi showed in [DG] that the minimal
cone given by Theorem 2.18 was in fact cylindrical (here cylindrical means that the
cone, as a subset ofRn, splits off a line isometrically, that is,C(N) = R×C(N ′) ⊂
Rn). This implied that there actually existed a singular area-minimizing cone in
Rn.

The significance of this approach is that cones are much simpler to analyze.
This connection is fundamental in the modern theory of regularity; an important
illustration of this is the so-called dimension reduction argument of Federer. For
instance, in dimension two such a cone must be a collection of planes through the
origin; it is easy to see that this can only be minimizing when there is just a single
plane. F. J. Almgren, Jr. showed that in dimension three such a cone was also a
hyperplane. Finally, J. Simons proved the same theorem forn ≤ 7.

Theorem 2.19 (F. J. Almgren, Jr. [Am1] forn = 3 and J. Simons [Sim] for
n ≤ 7) The hyperplanes are the only stable minimal hypercones inRn for n ≤ 7.

However, in 1969 Bombieri, De Giorgi, and Giusti [BDGG] gave an example
of an area-minimizing singular cone inR8. In fact, they showed that form ≥ 4 the
cones

(2.93) Cm = {(x1, . . . , x2m) | x2
1 + · · ·+ x2

m = x2
m+1 + · · ·+ x2

2m} ⊂ R2m

are area-minimizing.
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Weak Bernstein-Type Theorems

In this chapter, we will prove a generalization of the classical Bernstein theorem
for minimal surfaces discussed in the previous chapters. The various Bernstein the-
orems imply that, through dimension seven, area-minimizing hypersurfaces must
be affine. A weaker form of this is true in all dimensions by the Allard regularity
theorem [Al1]. Namely, there existsδ = δ(k, n) > 0 such that ifΣk ⊂ Rn is a
k-dimensional complete immersed minimal submanifold with

(3.1) Vol(Br(x) ∩ Σ) ≤ (1 + δ) Vol(Br ⊂ Rk)

for all x andr, thenΣ is an affinek-plane. More generally, this theorem holds even
whenΣ has singularities, for instance, whenΣ is a stationary integralk-varifold
(see Definitions 3.3, 3.4, and 3.10 below).

In this chapter, we will show that, in fact, a bound on the density (see (3.31) for
the definition of the density for a varifold) gives an upper bound for the dimension
of the smallest affine subspace containing the minimal surface. We will deduce this
theorem from the properties of the coordinate functions (in fact, more generally,
from properties of harmonic functions) onk-rectifiable stationary varifolds of ar-
bitrary codimension in Euclidean space. We refer to the original paper [CM4] for
further discussion and more general results.

3.1 The Theory of Varifolds

We will begin by briefly describing the basic theory of varifolds. For convenience
of notation, we will restrict ourselves to varifolds inRn; without much further
work we could consider varifolds in smoothn-dimensional manifolds. Varifolds
should be thought of as a generalization of submanifolds. This class of generalized
submanifolds is broad enough to give general compactness results and allow for
singularities but is narrow enough to still have geometric significance. For instance,
we can define the first variation for a varifold.

In the theory of varifolds, surfaces are identified with certain Radon measures.
The basic compactness result will then follow from the compactness theorem for
Radon measures.
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Definition 3.1 LetX be a locally compact separable space. ARadon measureµ
is a Borel regular measure which is finite on compact subsets ofX.

The following standard compactness result will be the main benefit of viewing
submanifolds as Radon measures:

Theorem 3.2 (Compactness of Radon Measures)LetX be a locally compact
separable space andµj a sequence of Radon measures onX such that

(3.2) sup
j
µj(U) <∞

for any open setU with compact closure. Then there exists a Radon measureµ and
a subsequenceµj′ such thatµj′ → µ; that is, if f is a continuous function onX
with compact support, then

(3.3) lim
j′→∞

∫
X

f dµj′ =
∫
X

f dµ .

LetΣk ⊂ Rn be a smooth properly embedded submanifold. There is an obvious
way to associate toΣ a Radon measureµ; namely, let

(3.4) µ(A) = Vol(A ∩ Σ)

on a Borel setA ⊂ Rn. Theorem 3.2 gives compactness for submanifolds (or the
associated measures) as long as the submanifolds have uniform local area bounds.
That is, suppose thatC < ∞ andΣj ⊂ Rn is a sequence ofk-dimensional sub-
manifolds with

(3.5) Vol(B1(x) ∩ Σj) < C

for all x ∈ Rn and allj. We define associated Radon measuresµj as in (3.4). By
Theorem 3.2, there exists a subsequencej′ and a Radon measureµ so that theµj′
converge weakly toµ.

The price that we have to pay for viewing a sequence of submanifolds as mea-
sures is that the limit is merely a measure (and need not exhibit any geometry). In
particular, if we were attempting to extract an area-minimizing submanifold from a
minimizing sequence, then we would not be able to say that the limit was minimal
(i.e., had zero first variation).

LetG(k, n) be the space of (unoriented)k-planes through the origin inRn (so
thatG(n− 1, n) is projective(n− 1) space). Letπ : Rn ×G(k, n) → Rn denote
projectionπ(x, ω) = x. Note thatπ is proper. We will also define the divergence
and gradient with respect to ak-dimensional planeω atx ∈ Rn as follows: IfX is
aC1 vector field, then we define the divergence with respect to(x, ω) by

(3.6) divωX =
k∑
i=1

〈Ei,∇EiX〉 ,
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whereEi is an orthonormal basis forω and∇ is the Euclidean derivative. Likewise,
if u is aC1 function, then we set

(3.7) ∇ωu =
k∑
i=1

Ei(u)Ei .

Definition 3.3 (Varifold) A k-varifold T on Rn is a Radon measure onRn ×
G(k, n). The weightµT of T is the Radon measure onRn given byµT (E) =
T (π−1E), the support ofT is the support ofµT , and the mass ofT on a setU ⊂ Rn
is justµT (U).

Once again, letΣk ⊂ Rn be a smooth properly embedded submanifold. Define
TΣ ⊂ Rn ×G(k, n) by (x, ω) ∈ TΣ if ω is the tangentk-plane toΣ atx. Σ gives
rise to ak-varifold T defined by

(3.8) T (A) = Vol(π(A ∩ TΣ))

on a Borel setA ⊂ Rn ×G(k, n). HereVol is k-dimensional volume. In this case,
the mass ofT on a setU is simply the volume ofΣ in U .

With this definition, it is easy to see how varifolds behave under mappings.
Namely, if F : Rn → Rn is aC2 mapping (so thatF anddF areC1), thenF
induces aC1 mapF from Rn ×G(k, n) to Rn × ∪`≤kG(`, n):

(3.9) F(x, ω) = (F (x), dFx(ω)) .

If T is ak-varifold and the mappingF is proper on the support ofT , then we define
the (weighted) push-forward varifoldF (T ) by

(3.10) F (T )(A) =
∫
F−1A

JωF (x) dT (x, ω) ,

whereJωF (x) is the Jacobian factor given by

(3.11) JωF (x) =
(
det(dFx|ω)t ◦ (dFx|ω)

) 1
2 .

The integrand (3.11) vanishes on the set whereF−1 is not defined, and hence the
push-forward varifoldF (T )(A) given by (3.10) is well-defined. WhenT comes
from a smooth surfaceΣ, JωF (x) is just the square root of the determinant of the
pullback metric and then (3.10) is just the usual area formula (see, for instance,
[Fe]).

Using this transformation rule for varifolds, we can compute the first varia-
tion of “mass” for a varifold. Suppose thatF (x, t) : Rn × R → Rn is a one-
parameter family ofC2 diffeomorphisms such thatF (·, 0) is the identity andF (·, t)
is the identity outside of a fixed compact setK. Let Ft(x) denote the vector
field ∂F

∂t (x, 0) (so thatFt vanishes outside a compact setK) and suppose that
K ⊂ U ⊂ Rn. Differentiating under the integral sign in (3.10) and arguing pre-
cisely as in Chapter 1, we get

(3.12)
d

dt t=0
µF (T,t)(U) =

∫
U×G(k,n)

divω Ft(x) dT (x, ω) .
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We will say that a varifold is stationary if it has zero first variation for any
compactly supportedC1 vector field.

Definition 3.4 A varifold T is stationaryif for any compactly supportedC1 vec-
tor fieldX we have

(3.13)
∫

Rn×G(k,n)

divωX dT (x, ω) = 0 .

Note that, by (3.12), this definition is equivalent to requiring that the varifold
is a critical point for the mass functional for all compactly supportedC2 varia-
tions. Observe also that if a varifold arises from a smooth submanifold, then the
first variation formula implies that it is stationary if and only if it has zero mean
curvature.

An important consequence of this definition is the following supplement to the
compactness theorem for varifolds discussed earlier:

Proposition 3.5 If Tj is a sequence of stationary varifolds which converges
weakly to a varifoldT , thenT is also stationary.

PROOF: Given aC1 vector fieldX with compact support, we can define a
compactly supported continuous functionf by

(3.14) f(x, ω) = divωX .

Since theTj are stationary,

(3.15)
∫

Rn×G(k,n)

f(x, ω) dTj(x, ω) =
∫

Rn×G(k,n)

divωX dTj(x, ω) = 0 .

Therefore by varifold convergence and by the compact support off on Rn ×
G(k, n), we get∫

Rn×G(k,n)

divωX dT (x, ω) =
∫

Rn×G(k,n)

f dT (x, ω)

= lim
j→∞

∫
Rn×G(k,n)

f dTj(x, ω) = 0 .(3.16)

Many of the earlier results about smooth minimal surfaces can be extended
to stationary varifolds by inserting appropriate choices of vector fields in (3.13).
We will give the arguments for two of these extensions below: the harmonicity
of the coordinate functions and the monotonicity formula. These results should
be compared with those of Chapter 1, and with Propositions 1.6, 1.8, and 1.11, in
particular.

A function u on Rn is said to beweakly harmonicon a varifoldT if, for any
smooth functionη with compact support,

(3.17)
∫

Rn×G(k,n)

〈∇ωη,∇ωu〉 dT (x, ω) = 0 .



3.1 THE THEORY OFVARIFOLDS 47

Similarly we say that a functionu onRn is weakly subharmonicon a varifoldT if,
for any smooth nonnegative functionη with compact support,

(3.18)
∫

Rn×G(k,n)

〈∇ωη,∇ωu〉 dT (x, ω) ≤ 0 .

Proposition 3.6 (Harmonicity of the Coordinate Functions)A varifoldT k ⊂
Rn is a stationary varifold if and only if the coordinate functionsxi are weakly
harmonic.

PROOF: Let η be a smooth function with compact support and setei = ∇xi.
For any unit vectorEj we have∇Ej

(η ei) = (∇Ej
η)ei, and hence for anyk-plane

ω

(3.19) divω(η ei) = 〈∇ωη, ei〉 = 〈∇ωη,∇ωxi〉 ,

where∇ωη is the projection of∇η to ω. Therefore,

(3.20)
∫

Rn×G(k,n)

divω(η ei) dT (x, ω) =
∫

Rn×G(k,n)

〈∇ωη,∇ωxi〉 dT (x, ω) .

The claim easily follows from (3.20).

Similarly, the monotonicity formula may be generalized to this setting. Let
η : R → R be a nonnegative function and setr = |x|. Given any vectorE, we have

(3.21) ∇Ex = E ,

wherex = (x1, . . . , xn). Forω ak-plane with orthonormal basisEi, we use (3.21)
to compute

divω(η(r)x) =
k∑
i=1

〈Ei,∇Ei
(η(r)x)〉(3.22)

= k η(r) + η′(r) 〈∇ωr, x〉 = k η(r) + r η′(r) |∇ωr|2 .

Let ωN denote the orthogonal(n− k)-plane toω. We have

(3.23) 1 = |∇r|2 = |∇ωr|2 + |∇ωN r|2 .

Proposition 3.7 (Monotonicity for Stationary Varifolds) Suppose thatT k ⊂
Rn is a stationary varifold andx0 ∈ Rn; then for all0 < s < t

t−k µT (Bt(x0))− s−k µT (Bs(x0))(3.24)

=
∫

(Bt(x0)\Bs(x0))×G(k,n)

r−k |∇ωN r|2 dT (x, ω) .
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PROOF: After a translation, it suffices to assume thatx0 = 0. Let φ be a
nonnegative cutoff function withφ′(s) ≤ 0 which is identically one on[0, 1

2 ] and
supported on[0, 1]. Fix s for the moment and letη(r) = φ( rs ) so that

(3.25) r η′(r) = −s d

ds

(
φ
(r
s

))
.

SinceT is stationary, integrating (3.22) and using (3.23) gives

0 =
∫

divω(η(r)x) dT (x, ω)(3.26)

=
∫

(k η(r) + r η′(r)) dT (x, ω)−
∫
r η′(r) |∇ωN r|2 dT (x, ω) .

Substituting (3.25) into (3.26) gives∫
k φ
(r
s

)
− s

d

ds

(
φ
(r
s

))
dT (x, ω)(3.27)

= −s
∫

d

ds

(
φ
(r
s

))
|∇ωN r|2 dT (x, ω) .

Multiplying through bys−k−1, we may rewrite (3.27) as

d

ds

(
s−k

∫
φ
(r
s

)
dT (x, ω)

)
(3.28)

= s−k
d

ds

(∫
φ
(r
s

)
|∇ωN r|2 dT (x, ω)

)
.

If we let φ increase to the characteristic function of[0, 1] and apply the monotone
convergence theorem to (3.28), we get

d

ds

(
s−k µT (Bs)

)
= s−k

d

ds

(∫
Bs×G(k,n)

|∇ωN r|2 dT (x, ω)

)
(3.29)

=
d

ds

(∫
Bs×G(k,n)

r−k |∇ωN r|2 dT (x, ω)

)
.

Equation (3.29) holds both in the sense of distributions and for almost everys. To
see this, we use the monotonicity of bothµT (Bs) and the integral on the right-hand
side of (3.29). Integrating (3.29) froms to t yields

t−k µT (Bt)− s−k µT (Bs)(3.30)

=
∫

(Bt\Bs)×G(k,n)

r−k |∇ωN r|2 dT (x, ω) .
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In Chapter 1, we defined the density for a minimal submanifold. We can now
extend this to stationary varifolds. Namely, given a stationaryk-varifoldT k ⊂ Rn,
x0 ∈ Rn, ands > 0, we define the density by

(3.31) Θx0(s) =
µT (Bs(x0))

Vol(B1 ⊂ Rk) sk
.

A simple modification of the argument in Proposition 1.8 implies thatΘx0(s) is a
nondecreasing function ofs.

Similarly, the more general mean value inequality also extends to stationary
varifolds. The necessary modifications will be left to the reader.

Proposition 3.8 (The Mean Value Inequality for Stationary Varifolds)If T ⊂
Rn is a stationaryk-varifold, x0 ∈ Rn, f is a nonnegative weakly subharmonic
function onT , and0 < s < t, then

(3.32) t−k
∫
Bt(x0)

f dµT ≥ s−k
∫
Bs(x0)

f dµT .

Thus far we have been discussing the theory of general varifolds. The varifolds
which come from smooth submanifolds have a good deal of additional structure. In
particular, the associated measures are supported on smooth submanifolds which
have tangent spaces at every point. The class of varifolds known as rectifiable
varifolds have similar additional structure.

LetHk denotek-dimensional Hausdorff measure.

Definition 3.9 A setS ⊂ Rn is said to bek-rectifiable if S ⊂ S0 ∪ S1, where
Hk(S0) = 0 andS1 is the image ofRk under a Lipschitz map.

More generally,S is said to becountablyk-rectifiable if S ⊂ ∪`≥0S`, where
Hk(S0) = 0 and for` ≥ 1 eachS` is the image ofRk under a Lipschitz map.

One advantage of working with rectifiable sets is that they have tangent spaces
at almost every point by Rademacher’s theorem [Fe]. Consequently, we may asso-
ciate a varifold to a rectifiable set, just as we did for smooth submanifolds. Rectifi-
able varifolds are then varifolds which are supported on rectifiable sets.

Definition 3.10 (Rectifiable Varifold) LetS be a countablyk-rectifiable sub-
set ofRn withHk(S) <∞ and letθ be a positive locallyHk integrable function on
S. SetT equal to the varifold associated to the setS (exactly as ifS were a smooth
submanifold). The associated varifoldT ′ = θ T is called arectifiable varifold. If θ
is integer-valued, thenT ′ is anintegral varifold.

Henceforth,Σk ⊂ Rn will be a stationary rectifiablek-varifold. Associated to
each suchΣ is a Radon measureµΣ; abusing notation slightly, we will also use
Σ to denote the (Hausdorffk-dimensional rectifiable) set on which the measure is
supported. We shall make the standard assumption that the density is at least1 on
the support. Note that this class of generalized minimal submanifolds includes the
case of embedded minimal submanifolds equipped with the intrinsic Riemannian
metric.



50 WEAK BERNSTEIN-TYPE THEOREMS

3.2 The Weak Bernstein-Type Theorem

We will refer to the following result as the weak Bernstein-type theorem.

Theorem 3.11 (Colding-Minicozzi [CM4]) If Σk ⊂ Rn is ak-rectifiable sta-
tionary varifold with (volume) density at least1 almost everywhere and bounded
from above byVΣ, thenΣ must be contained in some affine subspace of dimension
at most(k + 1) k

k−1 e8 2k+4 VΣ.

The constant in Theorem 3.11 is not sharp, and is not the best constant which
can be obtained from the arguments of [CM4]. However, the geometric dependence
is sharp (namely, the bound is linear inVΣ which is optimal).

Notice that Theorem 3.11 bounds the number of linearly independent coordinate
functions onΣ in terms of its volume. WhenVΣ is sufficiently small, Allard’s
theorem implies thatΣk is planar and hence that there are onlyk independent
coordinate functions. We note that it follows from Theorem 3.11 that theδ in the
Allard regularity theorem is independent ofn.

A calibration argument (see [Fe] or [Mr]), cf. (1.15) and (1.16), shows that
complex submanifolds ofCn = R2n are absolutely area-minimizing (and hence
minimal). Using this, it is easy to see that affine algebraic varieties are examples of
stationary rectifiable varifolds with bounded density.

We saw earlier that the coordinate functions are weakly harmonic onΣ (Propo-
sition 3.6; cf. Proposition 1.6). Theorem 3.11 will follow from a bound for the
dimensions of certain spaces of harmonic functions onΣ, namely the so-called
harmonic functions of polynomial growth.

Definition 3.12 (Harmonic Functions of Polynomial Growth) We will define
Hd(Σ) to be the linear space of harmonic functions with polynomial growth of
order at mostd. That is,u ∈ Hd(Σ) if u is harmonic and there exists someC <∞
so that|u(x)| ≤ C(1 + |x|d).

With this definition, the coordinate functionsxi are inH1(Σ). For example,
on the catenoidΣ2

c ⊂ R3 centered on thex3-axis (see Example 1.4), the function
x3 grows slower than any power of the intrinsic distance; however, it is not in
Hd(Σ2

c ,R) for anyd < 1.

Theorem 3.13 (Colding-Minicozzi [CM4]) Let Σk be a stationaryk-rec-
tifiable varifold with density at least1 almost everywhere and bounded from above
byVΣ <∞. For anyd ≥ 1,

(3.33) dimHd(Σ) ≤ C VΣ dk−1 ,

whereC = (k + 1) k
k−1 e8 2k+4 .

The proofs of the finite dimensionality results here consist of the following two
independent steps. First, we will reduce the problem to bounding the number of
L2(Br ∩ Σ)-orthonormal harmonic functions onΣ with a uniform bound on the
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L2(BΩ r ∩ Σ)-norm for r > 0 andΩ > 1. Next, we will use the linearity of the
space of harmonic functions to form a “Bergman kernel”. That is, ifu1, . . . , uN
are the harmonic functions, set

(3.34) K(x) =
N∑
i=1

|ui(x)|2 .

Combining some standard linear algebra with the mean value inequality, we obtain
pointwise bounds forK(x) depending onΩ and theL2(BΩr ∩ Σ)-norm but inde-
pendent ofN . Integrating this overBr ∩Σ gives a bound onN which depends on
Ω.

To bound the dimension ofHd(Σ) polynomially ind, we chooseΩ to be ap-
proximately1 + 1

d . The resulting estimates are then polynomial ind where the
degree depends on both the rate of blowup at the boundary of the mean value in-
equality and the regularity of the volume measure.

See [CM4] for related and more general results in this direction. For results on
harmonic functions with polynomial growth in other contexts, see [CM2], [CM5],
and the references therein.

3.3 General Constructions

In this section, we will study the growth and independence properties of spaces
of functions. To begin with, the following lemma illustrates the usefulness of the
assumption on the growth rates of functions.

Lemma 3.14 Suppose thatf1, . . . , f2s are nonnegative nondecreasing functions
on (0,∞) such that none of thefi vanishes identically and for somed0 ,K > 0
and all i

(3.35) fi(r) ≤ K(rd0 + 1) .

For all Ω > 1, there exists of these functionsfα1 , . . . , fαs
and infinitely many

integers,m ≥ 1, such that fori = 1, . . . , s

(3.36) fαi
(Ωm+1) ≤ Ω2d0fαi

(Ωm) .

PROOF: Since the functions are nondecreasing and none of them vanish iden-
tically, we may suppose that for someR > 0 and anyr > R, fi(r) > 0 for all
i.

We will show that there are infinitely manym such that there is some ranks
subset of{fi} (where the subset could vary withm) satisfying (3.36). This will
suffice to prove the lemma; since there are only finitely many ranks subsets of the
2s functions, one of these ranks subsets must be repeated infinitely often.

For r > R, note that

(3.37) g(r) =
2s∏
i=1

fi(r) ≤ K2s(rd0 + 1)2s ,
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andg is a positive nondecreasing function. Assume that there are only finitely many
m ≥ logR

log Ω satisfying (3.36). Letm0 − 1 be the largest suchm; for all j ≥ 1 we
have that

(3.38) Ω2d0(s+1)g(Ωm0+j−1) < g(Ωm0+j) .

Iterating this and applying (3.37) gives for anyj ≥ 1

(3.39) Ω2d0(s+1)jg(Ωm0) < g(Ωm0+j) ≤ c̃
(
Ωj
)2sd0

,

wherec̃ = c̃(s,m0,Ω,K). SinceΩ > 1, takingj large yields the contradiction.

For r > 0,Br = {|x| < r} ⊂ Rn, and functionsu andv, let

(3.40) Iu(r) =
∫
Br∩Σ

u2

and

(3.41) Jr(u, v) =
∫
Br∩Σ

u v .

Note thatJr is an inner product andI(r) is the corresponding quadratic form.
Furthermore, ifu ∈ Hd(Σ), thenIu(r) ≤ C(1 + r2d+k).

Given a linearly independent set of functions inHd(Σ), we will construct func-
tions of one variable which reflect the growth and independence properties of this
set.

We begin with two definitions. The first constructs the functions whose growth
properties will be studied.

Definition 3.15 (wi,r andfi) Suppose thatu1, . . . , us are linearly independent
functions. For eachr > 0 we will now define anJr-orthogonal spanning setwi,r
and functionsfi. Setw1,r = w1 = u1 and f1(r) = Iw1(r). Definewi,r by
requiring it to be orthogonal touj |Br for j < i with respect to the inner productJr
and so that

(3.42) ui =
i−1∑
j=1

λji(r)uj + wi,r .

Note thatλij(r) is not uniquely defined if theui|Br are linearly dependent. How-
ever, since theui are linearly independent onΣ, λij(r) will be uniquely defined for
r sufficiently large.

In any case, the following quantity is well-defined for allr > 0 (and, in fact, is
positive forr sufficiently large)

(3.43) fi(r) =
∫
Br

|wi,r|2 .
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In the next proposition, we will record some key properties of the functionsfi
from Definition 3.15.

Proposition 3.16 (Properties offi) If u1, . . . , us ∈ Hd(Σ) are linearly in-
dependent, thefi from Definition 3.15 have the following four properties: There
exists a constantK > 0 (depending on the set{ui}) such that fori = 1, . . . , s

fi(r) ≤ K(r2d+k + 1) ,(3.44)

fi is a nondecreasing function,(3.45)

fi is nonnegative and positive forr sufficiently large, and(3.46)

fi(r) = Iwi,r (r) andfi(t) ≤ Iwi,r (t) for t < r .(3.47)

PROOF: Note first thatfi(r) ≤ Iui
(r); thus we get (3.44). Furthermore, for

s < r

fi(s) =
∫
Bs

|ui −
i−1∑
j=1

λji(s)uj |2 = Iwi,s
(s)

≤
∫
Bs

|ui −
i−1∑
j=1

λji(r)uj |2 = Iwi,r
(s)(3.48)

≤
∫
Br

|ui −
i−1∑
j=1

λji(r)uj |2 = Iwi,r
(r) = fi(r) ,

where the first inequality of (3.48) follows from the orthogonality ofwi,r to uj
for j < i, and the second inequality of (3.48) follows from the monotonicity of
I. From (3.48) and the linear independence of theui, we get (3.45) and (3.46).
Finally, (3.48) also contains (3.47).

In the following proposition, we will apply Lemma 3.14 to the functionsfi from
Definition 3.15:

Proposition 3.17 Suppose thatu1, . . . , u2s ∈ Hd(M) are linearly independent.
GivenΩ > 1 andm0 > 0, there existm ≥ m0, an integer̀ ≥ 1

2Ω−4d−2k s, and
functionsv1, . . . , v` in the linear span of theui such that fori, j = 1, . . . , `

(3.49) JΩm+1(vi, vj) = δi,j ,

and

(3.50)
1
2
Ω−4d−2k ≤ Ivi

(Ωm) .

PROOF: By (3.44), (3.45), and (3.47) of Proposition 3.16, applying Lemma
3.14 to thefi of Definition 3.15 implies that there existm ≥ m0 and a subset
fα1 , . . . , fαs such that fori = 1, . . . , s

(3.51) 0 < fαi
(Ωm+1) ≤ Ω4d+2kfαi

(Ωm) .
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Let wαi,Ωm+1 , i = 1, . . . , s, be the corresponding functions in the linear span of
theui as in Definition 3.15.

Consider thes-dimensional linear space spanned by the functionswαi,Ωm+1

with inner productJΩm+1 . On this space there is also the positive semidefinite
bilinear formJΩm . Let v1, . . . , vs be an orthonormal basis forJΩm+1 which di-
agonalizesJΩm . We will now evaluate the trace ofJΩm with respect to these two
bases. First, with respect to the orthogonal basiswαi,Ωm+1 we get by (3.47) and
(3.51)

(3.52) sΩ−4d−2k ≤
s∑
i=1

Iwαi
,Ωm+1(Ωm)

Iwαi
,Ωm+1(Ωm+1)

.

Since the trace is independent of the choice of basis we get when evaluating this on
the orthonormal basisvi

(3.53) sΩ−4d−2k ≤
s∑
i=1

Ivi
(Ωm) .

Combining this with

(3.54) 0 ≤ Ivi
(Ωm) ≤ 1 ,

which follows from the monotonicity ofI, we get that there exist at least` ≥
s
2 Ω−4d−2k of thevi such that for each of these

(3.55)
1
2

Ω−4d−2k ≤ Ivi
(Ωm) ≤ Ivi

(Ωm+1) = 1 .

This shows the proposition.

3.4 Finite Dimensionality

In this section, we will show how to bound the dimension of the space of polyno-
mial growth functions which satisfy a mean value inequality. The bound on the
dimension will be polynomial in the rate of growth with the exponent determined
by the boundary blowup of the mean value inequality.

We will say Σ has theε-volume regularity propertyif for 0 < ε ≤ 1 and
1 ≤ CW <∞, given any0 < δ ≤ 1

2 we get anR0 > 0 such that for allr ≥ R0

(3.56) Vol(Br \B(1−δ)r ∩ Σ) ≤ CW δε Vol(Br ∩ Σ) .

For example, it follows immediately that anyk-dimensional cone has the1-volume
regularity property.

Stationaryk-rectifiable varifolds with density bounded above and below have
the 1-volume regularity property. To see this, letΣ be a stationaryk-rectifiable
varifold with density at least1 almost everywhere and such that

(3.57) VΣ ≡ lim
r→∞

Θ0(r) <∞ .
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Given0 < δ ≤ 1
2 , chooseR0 such that forR ≥ R0/2

(3.58) VΣ−Θ0(R) < δ VΣ ,

so that forR ≥ R0 we have

Vol(B(1−δ)R ∩ Σ) = Θ0((1− δ)R) Vol(B1 ⊂ Rk) (1− δ)k Rk

≥ VΣ Vol(B1 ⊂ Rk) (1− δ)k+1Rk .(3.59)

Consequently, forR ≥ R0

Vol(BR \B(1−δ)R ∩ Σ) ≤ VΣ Vol(B1 ⊂ Rk)
(
1− (1− δ)k+1

)
Rk(3.60)

≤ 2 (k + 1) δ Vol(BR ∩ Σ) .

The following proposition will be used in combination with the results of Sec-
tion 3.3:

Proposition 3.18 Let Σk be a stationaryk-rectifiable varifold with density at
least1 almost everywhere and bounded above byVΣ <∞. Suppose that0 < a <
1 is fixed,r > 2R0, andv1, . . . , vN are harmonic andJr-orthonormal. Given any
d ≥ 1 such that for anyR ≥ R0 (3.60)holds for anyδ ≥ 1

4d and for all i

(3.61) a ≤ Ivi
((1− (2d)−1)r) ;

then

(3.62) N ≤ C dk−1 ,

whereC = VΣ (k + 1) k
k−1 a

−1 2k+1 .

PROOF: Sinced ≥ 1, we can choose a positive integerN with d ≤ N ≤ 2d.
For eachx ∈ Br, set

(3.63) K(x) =
N∑
i=1

|vi|2(x) .

Note that, since eachvi ∈ L2
loc(M), K(x) must be finite by the mean value in-

equality. By construction,K(x) is the trace of the symmetric bilinear form

(3.64) (v, w) → 〈v, w〉(x)

for anyv, w in the span of thevi.
Recall that a symmetric matrix can always be diagonalized by an orthogonal

change of basis. Therefore, givenx ∈ Br, we can choose a new orthonormal basis
{wi} for the inner product space(span{vi}, Jr) such that at most one of thewi,
sayw1, is nonvanishing atx. Using the invariance of the trace under orthogonal
change of basis, we have that

(3.65) K(x) =
N∑
i=1

|wi|2(x) = w2
1(x) .
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Now, since eachwi hasL2-norm one onBr, the mean value inequality gives for
0 < s ≤ 1

2 and anyx ∈ B(1−s)r

(3.66) |wi|2(x) ≤
1

Vol(Bs r ⊂ Rk)

∫
Bs r(x)

w2
i ≤

VΣ s−k

Vol(Br ∩ Σ)
.

Combining (3.65) and (3.66), we get

(3.67) Vol(Br ∩ Σ)K(x) = Vol(Br ∩ Σ) |w1|2(x) ≤ VΣ

(
j

2d

)−k
,

for eachj = 1, . . . , N and anyx ∈ B(1−j/(2d))r.
We break down the integral ofK to get

(3.68)
∫
B(1− 1

2d )r

K =
∫
B(1− N

2d )r

K +
N−1∑
j=1

∫
B(1− j

2d )r
\B(1− j+1

2d )r

K .

We will now bound each of the two terms in the right-hand side of (3.68). Since
d ≤ N ≤ 2d,B(1−N/(2d))r ⊂ B r

2
, by (3.67) we have

(3.69)
∫
B(1− N

2d )r

K ≤ VΣ

(
1
2

)−k Vol(B r
2
∩ Σ)

Vol(Br ∩ Σ)
≤ VΣ 2k .

Bounding the integral ofK on each annulus above in terms of its maximum, (3.67)
yields

N−1∑
j=1

∫
B(1− j

2d )r
\B(1− j+1

2d )r

K

≤ VΣ

N−1∑
j=1

Vol(B(1− j
2d )r \B(1− j+1

2d )r ∩ Σ)

Vol(Br ∩ Σ)

(
j

2d

)−k

≤ VΣ

N−1∑
j=1

2(k + 1)
(

1
2d

)(
j

2d

)−k
,

(3.70)

where the second inequality follows from (3.60) (the volume regularity property).
Using the elementary inequality

(3.71)
N−1∑
j=1

j−k = 1 +
N−1∑
j=2

j−k ≤ 1 +
∫ ∞

1

s−k ds =
k

k − 1
,

(3.70) implies that

(3.72)
N−1∑
j=1

∫
B(1− j

2d )r
\B(1− j+1

2d )r

K ≤ VΣ (k + 1)
k

k − 1
2k dk−1 .
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Substituting (3.69) and (3.72) into (3.68) yields∫
B(1− 1

2d )r

K ≤ VΣ 2k
(

1 + (k + 1)
k

k − 1
dk−1

)
(3.73)

≤ VΣ 2k+1(k + 1)
k

k − 1
dk−1 ,

sinced ≥ 1 andk > 1.
Combining (3.61) and (3.73), we get

(3.74) N ≤ a−1

∫
B(1− 1

2d )r

K ≤ VΣ (k + 1)
k

k − 1
a−1 2k+1 dk−1 .

Theorem 3.13 now follows directly.

PROOF OFTHEOREM 3.13 SetΩ = (1− 1/(2d))−1 and choose a positive
integerm0 such thatΩm0 ≥ R0. Suppose thatu1, . . . , u2s ∈ Hd(Σ) are linearly
independent. By Proposition 3.17, there existN ≥ m0, an integer̀ with

(3.75)
e−4

2
s ≤ ` ,

andJr-orthonormal functionsf1, . . . , f` in the linear span of theui such that for
i = 1, . . . , `

(3.76)
e−4

2
≤ Ifi

((1− (2d)−1)r) ,

where we have setr = ΩN+1. Proposition 3.18 (witha = e−4 /2) implies that

(3.77) ` ≤ VΣ (k + 1)
k

k − 1
e4 2k+2 dk−1 .

Combining (3.75) and (3.77),

(3.78) dimHd(Σ) ≤ VΣ (k + 1)
k

k − 1
e8 2k+4 dk−1 .

We will close this chapter with a very brief discussion relating the problems in
this chapter to results on minimal cones in Euclidean space.

We leave the proof of the following elementary lemma to the reader (see, for
instance, [CM5] for more discussion):

Lemma 3.19 (cf. (2.91) in Chapter 2) If g is an eigenfunction with eigenvalue
λ onNk−1 andp2 + (k − 2)p = λ, thenrp g is a harmonic function onC(N). In
fact,rp g ∈ Hp(C(N)).
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As a consequence of this lemma we see that spectral properties ofN are equiv-
alent to properties of harmonic functions which grow polynomially on the cone
C(N). From this point of view, Theorem 3.13 is roughly an analog of Weyl’s
asymptotic formula. See [CM1] for further developments on this point of view in a
related context.

The spectral properties of spherical minimal submanifolds have been studied
in their own right (see, for instance, Cheng-Li-Yau [CgLiYa], Choi-Wang [CiWa]
(Theorem 5.7), and Li-Tian [LiTi]).
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Existence Results

In this chapter, we will discuss the solution to the classical Plateau problem, fo-
cusing primarily on its regularity. The first three sections of this chapter cover the
basic existence result for minimal disks. After some general discussion of unique
continuation and nodal sets, we study the local description of minimal surfaces in a
neighborhood of either a branch point or a point of nontransverse intersection. Fol-
lowing Osserman and Gulliver, we rule out interior branch points for solutions of
the Plateau problem. In the remainder of the chapter, we prove the embeddedness
of the solution to the Plateau problem when the boundary is in the boundary of a
mean convex domain. This last result is due to Meeks and Yau.

4.1 The Plateau Problem

The following fundamental existence problem for minimal surfaces is known as the
Plateau problem: Given a closed curveΓ, find a minimal surface with boundaryΓ.
There are various solutions to this problem depending on the exact definition of
a surface (parameterized disk, integral current,Z2 current, or rectifiable varifold).
We shall consider the version of the Plateau problem for parameterized disks; this
was solved independently by J. Douglas [Do] and T. Rado [Ra1]. The generaliza-
tion to Riemannian manifolds is due to C. B. Morrey [Mo1].

Theorem 4.1 Let Γ ⊂ R3 be a piecewiseC1 closed Jordan curve. Then there
exists a piecewiseC1 mapu fromD ⊂ R2 to R3 with u(∂D) ⊂ Γ such that the
image minimizes area among all disks with boundaryΓ.

The most natural approach to this problem would be to take a sequence of map-
pings whose areas are going to the infimum and attempt to extract a convergent
subsequence. There are two serious difficulties with this.

First, since the area only depends on the image and not the parameterization,
the noncompactness of the diffeomorphism group of the disk is a major problem.
Namely, letφk : D → D be a noncompact sequence of diffeomorphisms of the
disk and fixu : D → R3. The sequence of mapsu(φk) has the same image but
does not converge.
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The second difficulty is that a bound on the area of a map does not give much
control on the map. Since long thin tubes can have arbitrarily small area, it is
possible to construct a sequence of surfaces inR3 with boundary∂D ⊂ R2 ⊂ R3

with area close toπ whose closure is all ofR3. Namely, we can do the following:

Example 4.2 LetT (x, y, h, k) denote the cylindrical “tentacle” centered at(x, y)
of heighth and widthk (with the top closed off with a disk). This has excess area
π h k. For each positive integer`, let Σ` be the topological disk with the tentacles
T (α/2`, β/2`, 1, 2−4 `), |α|2 + |β|2 < 22 `, attached. The area ofΣ` is less than
π+22 `(π 2−3 `) = π(1+2−`), and henceΣ` is a minimizing sequence. However,
it is obvious that this sequence of surfaces does not converge.

Instead of minimizing area, we will minimize energy (theL2-norm of the dif-
ferential of the map). Then we will show that the energy minimizer both minimizes
area and finds a good parameterization.

Before giving a proof of this existence result, we shall need a few preliminaries.
Let (x, y) be coordinates onR2 and suppose thatu = (u1, u2, u3) is a map from
D ⊂ R2 to R3.

If u is inH1(D), the energy is defined by

(4.1) E(u) =
∫
D

|∇u|2 dx dy =
∫
D

(
|ux|2 + |uy|2

)
dx dy ,

where∇ is the Euclidean gradient. The area (or two-dimensional Hausdorff mea-
sure) of the image ofu is

(4.2) Area(u) =
∫
D

(
|ux|2 |uy|2 − 〈ux, uy〉2

) 1
2 dx dy .

We then have that

(4.3) Area(u) ≤ 1
2

E(u) ,

with equality if and only if〈ux, uy〉 and|ux|2−|uy|2 are zero (asL1 functions). In
the case of equality, we say thatu is almost conformal. If u is an almost conformal
immersion, thenu is conformal.

One of the key advantages of working in two dimensions is the existence of
isothermal coordinates. Namely, givenu as above, then there exists a diffeomor-
phismφ : D → D such thatu(φ) : D → R3 is almost conformal (see Morrey
[Mo2] or Chern [Ch] for a proof). Since the area depends only on the image (and
not the parameterization), we haveArea(u(φ)) = Area(u).

Remark 4.3 In fact, in theorem3 of [Mo2], Morrey showed that ifds2 is
a bounded piecewise smooth metric onD, then there exists a homeomorphism
φ : D → D with φ, |∇φ|, |∇2φ| in L2 and such thatφ is almost conformal. This
stronger result will be applied later in Theorem 4.35.
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Let Γ be a piecewiseC1 closed Jordan curveΓ such that there existsw : D →
R3 with w(∂D) = Γ andw ∈ H1(D). A mapf : ∂D → Γ is said to be monotone
if the inverse image of every connected set is connected. We define the class

XΓ = {ψ : D → R3 | ψ is piecewiseC1 andψ|∂D is a monotone map ontoΓ }.

Define

(4.4) AΓ = inf
ψ∈XΓ

Area(ψ) andEΓ = inf
ψ∈XΓ

E(ψ).

We shall prove Theorem 4.1 in two steps. First, we prove that for each param-
eterization of the boundary curveΓ there is an energy-minimizing map from the
disk with these boundary values. Each such map is harmonic. Since the target is
Euclidean, this means that the componentsui are harmonic functions. This is, of
course, the standard Dirichlet problem. Second, we will minimize energy over the
possible parameterizations of the boundary to obtaintheenergy minimizer which
will also solve the Plateau problem. Of course, to extract a limit here we will need
uniform estimates for the solutions in the sequence. The key estimate for doing this
is the Courant-Lebesgue lemma below.

4.2 The Dirichlet Problem

We will use the following version of the solution to the well-known Dirichlet prob-
lem for harmonic maps:

Proposition 4.4 Let f : ∂D → R3 be a piecewiseC1 parameterization of a
closed Jordan curve. There exists a unique (energy-minimizing) harmonic map
u : D → R3 which agrees withf on the boundary and is smooth in the interior.

Before proving the proposition, we need to recall some preliminaries.H1 =
H1(D) will denote the Sobolev space of functionsf such thatf and |∇f | are
square integrable on the diskD, and theH1-norm off is

(4.5) |f |2H1 =
∫
D

f2 +
∫
D

|∇f |2 .

We setC∞0 (D) equal to the space of smooth functions with compact support onD,
and then letH1

0 (D) ⊂ H1(D) denote the closure ofC∞0 (D) with respect to the
H1-norm.

We shall use the following weak compactness result forH1 functions (see the-
orem 7.22 of [GiTr] for a proof):

Lemma 4.5 (Rellich Compactness) Suppose thatuk : D → R3 is a sequence
of H1 maps with uniformly boundedH1-norm; then there exists anH1 mapu :
D → R3 such thatuk → u strongly inL2,∇uk → ∇u weakly inL2, and

(4.6)
∫
D

|∇u|2 ≤ lim inf
∫
D

|∇uk|2 .

Moreover, if eachuk is inH1
0 , then so isu.
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We will also need the following Dirichlet Poincaré inequality for the disk:

Lemma 4.6 (Dirichlet Poincaŕe Inequality) There exists a constantC < ∞
such that ifu ∈ H1

0 (D),

(4.7)
∫
D

u2 ≤ C

∫
D

|∇u|2 .

Note that Lemma 4.6 can be proven by a compactness argument using Lemma
4.5. See [GiTr] for a proof of Lemma 4.6.

Recall that a functionv ∈ H1(D) is said to be weakly harmonic if for every
smoothψ with compact support inD

(4.8)
∫
D

〈∇v,∇ψ〉 dx dy = 0 .

It follows immediately from integration by parts that smooth harmonic functions
are weakly harmonic.

We shall also need the following elementary regularity result for harmonic func-
tions on the disk:

Lemma 4.7 (Weyl’s Lemma) Suppose thatv : D → R is anH1 function
which is weakly harmonic. Thenv can be taken to beC∞ on the interior ofD.

Of course, this result follows from standard regularity theory (see, for instance,
theorem 2.10 of [GiTr]), but we shall sketch the proof because of its simplicity.
Since the proof relies on convolution with an approximate identity, we briefly recall
this technique.

Let ψ : [0, 1] → R be a smooth nonnegative monotone nonincreasing function
with

(4.9) 2π
∫ 1

0

ψ(t) tn−1 dt = 1

such thatψ is identically one on[0, 1
3 ] and has support on[0, 2

3 ]. Defineφt : R2 →
R by

(4.10) φt(x) = t−n ψ(|x|/t) .

Hence,φt is a nonnegative smooth radially symmetric which is supported on the
ball of radiust and has total integral one.

Fix somet < 1 for the moment and letvt : D1−t → R be the convolution ofv
andφt. That is, giveny with |y| < (1− t) we have

(4.11) vt(y) =
∫

R2
v(y + x)φt(x) dx .

This integral is well-defined sinceφt is supported on a ball of radiust. The im-
portance of this construction is thatvt is smooth. To see this, we do a change of
variablesz = y + x and write (4.11) as

(4.12) vt(y) =
∫

R2
v(z)φt(z − y) dz .
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We can now differentiate (4.12) under the integral sign and the smoothness ofvt
follows from the smoothness ofφt (see, for instance, section 7.2 of [GiTr] for
further discussion).

PROOF: Sincevt is smooth, the lemma will follow once we show thatvt agrees
with v.

To see this, we use the radial symmetry ofφt and the mean value property for
weakly harmonic functions which follows easily from Proposition 1.11. That is,
Proposition 1.11 gives for a weakly harmonic functionv and anyr

(4.13)
∫ 2π

θ=0

v(y + r θ) dθ = 2π v(y) .

Writing (4.11) in polar coordinates, we get

vt(y) =
∫ t

r=0

∫ 2π

θ=0

v(y + r θ)φt(r θ) dθ dr

=
∫ t

r=0

t−n ψ
(r
t

)∫ 2π

θ=0

v(y + r θ) dθ dr(4.14)

= 2π t−n
∫ t

r=0

ψ
(r
t

)
v(y) dr = v(y) .

Note that the argument actually gives interior estimates forv and all of its
derivatives. It is easy to see that the harmonic function is real analytic.

Corollary 4.8 Suppose thatv : D → R is a smooth harmonic function; thenv
is real analytic in the interior ofD.

The above corollary is true much more generally. For ease of exposition, we
will give an elementary two-dimensional argument.

PROOF: The complex-valued functionv = ux1 − i ux2 is smooth and we com-
pute that

(4.15) vx1 = ux1 x1 − i ux2 x1

and

(4.16) vx2 = ux1 x2 − i ux2 x2 .

Equations (4.15) and (4.16) imply thatv satisfies the Cauchy-Riemann equations
and is hence holomorphic. Therefore the real and imaginary parts ofv, namelyux1

andux2 , are real analytic. Integrating this shows thatu is itself real analytic.

PROOF OFPROPOSITION4.4 We will solve the Dirichlet problem for each
componentfi of f . In fact, given any piecewiseC1 functionw on ∂D we will
find a smooth harmonic functionv onD which agrees withw on the boundary.
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Sincew is piecewiseC1 on ∂D, we can extend it to a functioñw onD which
is continuous and inH1 (see, for instance, section 5.4 of [Ev]). LetH1

w denote the
space of functions inf ∈ H1 such that(f − w̃) ∈ H1

0 .
We will see next that the existence of a weak solution follows from the direct

method in the calculus of variations. To see this, choose a minimizing sequence of
functionsv` ∈ H1

w. The triangle inequality gives

(4.17)
∫
D

|∇(v` − w̃)|2 ≤ 2
∫
D

|∇v`|2 + 2
∫
D

|∇w̃|2 .

Since(v` − w̃) ∈ H1
0 , Lemma 4.6 implies that

(4.18)
∫
D

(v` − w̃)2 ≤ C

∫
D

|∇(v` − w̃)|2 .

Combining (4.17), (4.18), the Rellich compactness theorem, and Lemma 4.5, im-
plies that there is anH1

w function v and a weakly convergent subsequencev`′ in
H1 such thatE(v) ≤ lim inf E(v`). ThereforeE(v) is equal to the least possible
energy (namely,v is energy-minimizing). It remains to check thatv is smooth on
the interior.

Sincev is energy-minimizing, we have for any smoothψ with compact support
in D that

(4.19) E(v) =
∫
D

|∇v|2 dx dy ≤ E(v + t ψ) =
∫
D

〈∇v + t∇ψ,∇v + t∇ψ〉 .

Differentiating (4.19) att = 0 gives

(4.20)
d

dt
E(v + t ψ)|t=0 = 0 ,

and hence for any smoothψ with compact support inD

(4.21)
∫
D

〈∇v,∇ψ〉 dx dy = 0 .

The limit functionv is then weakly harmonic and hence, by Lemma 4.7, smooth
on the interior of the disk.

Uniqueness follows immediately from the maximum principle. Namely, the
difference of two solutions is a harmonic function inH1

0 (D) and thus vanishes
identically.

Sobolev space trace theory (see section 5.5 of [Ev]) implies thatH1(D) maps
intoL2(∂D) and hencev`′ converges tow in L2(∂D). Consequently,v is equal to
w on the boundary inL2(∂D) (in fact, even inH

1
2 (∂D)).

4.3 The Solution to the Plateau Problem

We will now apply the solution of the Dirichlet problem in the previous section to
solve the Plateau problem by minimizing over the possible boundary parameteriza-
tions.
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Given any pointp ∈ D, for eachρ > 0 we defineCρ = {q ∈ D | |p− q| = ρ},
d(Cρ) to be the diameter of the image of the curveCρ, andL(Cρ) to be the length
of the image of the curveCρ.

Lemma 4.9 (Courant-Lebesgue Lemma)Letu in H1 be a map fromD ⊂ R2

to R3 with E(u) ≤ K that is continuous onD. For each positiveδ < 1, there exists
someρ ∈ [δ,

√
δ] such that

(4.22) (d(Cρ))
2 ≤ 2πεδ,

whereεδ = 4πK
− log δ → 0 whenδ → 0.

PROOF: By the usual density and regularization arguments (see, for instance,
chapter 5 of [Ev]), it suffices to prove the lemma assuming thatu is C1. In this
case, we will boundL(Cρ) and this immediately implies a bound ond(Cρ).

Define the quantityp(r) by

(4.23) p(r) = r

∫
Cr

|∇u|2 ds ,

whereds is arclength measure onCr. We have

(4.24)
∫ √

δ

δ

p(r) d(log r) =
∫ √

δ

δ

p(r)
dr

r
≤
∫
D

|∇u|2 dx dy ≤ K .

Consequently, by the mean value theorem in one-variable calculus, there exists
someρ betweenδ and

√
δ such that

(4.25) p(ρ) ≤

(∫ √
δ

δ

p(r) d(log r)

)(∫ √
δ

δ

d(log r)

)−1

≤ 2K
− log δ

.

Given anyr ∈ [δ,
√
δ], the Cauchy-Schwarz inequality gives

(4.26) L(Cr) ≤
∫
Cr

|∇u| ds ≤ (2π p(r))
1
2 .

Combining (4.25) and (4.26), we get(L(Cρ))
2 ≤ 4πK

− log δ which completes the
proof.

There is one final difficulty to overcome: the noncompactness of the conformal
group ofD. Recall that a diffeomorphismφ : D → D which takes the boundary to
the boundary is conformal if it preserves angles. This is equivalent to〈φx, φy〉 = 0
and|φx|2 = |φy|2. The noncompactness of the conformal group is a problem since
energy is conformally invariant in dimension two.

Lemma 4.10 Let u be anH1 function onD and φ : D → D a conformal
diffeomorphism. ThenE(u) = E(u(φ)).
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PROOF: Let gij denote the pullback underφ of the Euclidean metricδij . The
conformality ofφ gives that

(4.27) gij = 〈φi, φj〉 =
1
2
|∇φ|2δij .

Metrics which are related by a scalar factor in this way are said to be conformal.
Next, we will observe that energy is invariant under conformal changes of metric.
Suppose thatgij = λ2 δij . We have

Eg(u) =
∫
D

gijuiuj (det gij)
1
2 dx dy(4.28)

=
∫
D

λ−2 |∇u|2 λ2 dx dy = E(u) .

Recall that the conformal group ofD is the group of linear fractional trans-
formations. This group acts triply-transitively on the boundary, that is, given two
triples of distinct points on the boundary, there exists a linear fractional transfor-
mation taking one to the other. However, the energy and area are both invariant
under conformal reparameterizations of the domain; hence, we need to mod out
this action. Given three distinct pointsq` in Γ and three distinct pointsp` in ∂D,
we define the class of mappingsX−′ = {ψ ∈ X− | ψ(pl) = ql}. It follows that
any element ofX− is conformally equivalent to an element ofX−′. The classX−′
has the following well-known equicontinuity property:

Lemma 4.11 For any constantK, the family of functions

(4.29) F = {ψ|∂D | ψ ∈ X−′ and E(ψ) ≤ K}

is equicontinuous on∂D. Hence, by the Arzela-Ascoli theorem,F is compact in
the topology of uniform convergence.

PROOF: Let ψ ∈ X−′ with E(ψ) ≤ K. Suppose that we are givenε > 0;
without loss of generality, we can takeε smaller thanmin |qi − qj |. Then, since
Γ is a simple closed curve of finite length, it follows that there exists somed > 0
such that|p − q| < d for any two distinct points inΓ. This implies thatΓ \ {p, q}
will have one component of diameter less thanε. Choose someδ < 1 such that√

2πεδ < d and such that given anyp ∈ ∂D at least two of thepi are not in the ball
of radius

√
δ aboutp.

Now, given anyp ∈ ∂D, the Courant-Lebesgue lemma, i.e., Lemma 4.9, im-
plies that there is someρ betweenδ and

√
δ such thatd(Cρ) < d. The curveCρ

divides∂D into two components,A1 andA2, with the larger one (say,A2) con-
taining at least two of the base pointspi. Denote the corresponding arcs onΓ by
A1 andA2. Since the image of the endpoints ofCρ are connected by a curve of
length less thand, one ofA1 andA2 has diameter less thanε. Note that this com-
ponent cannot contain two of the base pointsqi, and we can thus conclude thatA1

has diameter less thanε. SinceA1 is the image ofA1, this completes the proof of
equicontinuity.
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The existence of isothermal coordinates gives the following lemma:

Lemma 4.12 AΓ = 1
2EΓ andD(ψ) = EΓ imply thatA(ψ) = AΓ.

PROOF: It follows immediately from (4.3) thatAΓ ≤ 1
2EΓ.

The other direction follows from the existence of isothermal coordinates (see
Remark 4.3).

We are now prepared to solve the Plateau problem.

PROOF OFTHEOREM 4.1 By Proposition 4.4 there exists a minimizing se-
quence{uj} of harmonic maps inX−′ so thatE(uj) → EΓ. By the compactness
result, i.e., Lemma 4.5, there is a weakly convergent subsequenceuk → u ∈ H1

with E(u) ≤ lim inf{E(uk)}. Next, the equicontinuity on the boundary, i.e.,
Lemma 4.11, we can choose the subsequence above such that the functions con-
verge uniformly on the boundary to a continuous function. Therefore, by the lower
semicontinuity of energy,E(u) = EΓ (which also implies thatu is harmonic). Fi-
nally, Lemma 4.12 implies thatArea(u) = AΓ and thatu is pointwise conformal
almost everywhere.

Recall that mapu is said to be monotone on∂D if the inverse image of a con-
nected set is connected. For future reference, it is convenient to make the following
definition:

Definition 4.13 Let Γ be a piecewiseC1 closed Jordan curve andu : D̄ → R3

be an almost conformal piecewiseC1 harmonic map whose restriction to∂D is a
monotone map toΓ. If u minimizes energy among all such maps, we will say that
u is asolution of the Plateau problem.

It remains to discuss the regularity ofu up to the boundary∂D. General ar-
guments for boundary regularity (applied in a wide variety of settings) were given
by S. Hildebrandt in [Hi]. Since our primary concern is with the case of minimal
surfaces inR3, we recall the following result of J. C. C. Nitsche [Ni1]:

Theorem 4.14 (Nitsche [Ni1]) If Γ is a regular Jordan curve of classCk,α

wherek ≥ 1 and0 < α < 1, then a solutionu of the Plateau problem isCk,α on
all of D̄.

The book [Ni2] contains a proof of Theorem 4.14 and an extensive discussion
of boundary regularity.

4.4 Preliminary Discussion of Branch Points

We will next show that the solution to the Plateau problem given in the previous
section is, in fact, immersed. To see this, we first show that branch points are iso-
lated (which is true for any minimal surface). Then, using the minimizing property,
we show that interior branch points do not exist. It follows that the solution is an
immersed surface.
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If we let z = (x1 + i x2) be the complex coordinate onD, the harmonicity of
u implies thatv ≡ ux1 − i ux2 is a (vector-valued) holomorphic function. To see
this, we differentiate

vz̄ = (ux1 − i ux2)x1 + i(ux1 − i ux2)x2(4.30)

= (ux1 x1 + ux2 x2) + i(ux1 x2 − ux2 x1) = 0 .

Furthermore, we have

(4.31) |v|2 = |ux1 |2 + |ux2 |2 ,

and hencev vanishes precisely at the branch points ofu. Since the zeros of a
nonconstant holomorphic function onD must be isolated, this gives the following:

Corollary 4.15 An almost conformal harmonic mapu : D → R3 has isolated
branch points.

In fact, one can prove quite a bit more. R. Osserman showed that the image
surface was immersed (namely, that there are no interior geometric branch points).
R. Gulliver proved the definitive result: The solution has no interior branch points
(so that not only is the image an immersed surface, but the parameterization does
not introduce any branch points); cf. H. W. Alt. We will prove these results in the
next three sections.

4.5 Unique Continuation

In studying the local properties of minimal surfaces, it will be useful to have a
good description of their possible self-intersections and branch points. This can be
achieved by using results about strong unique continuation for solutions of elliptic
equations. The results of the next two sections will be used in the following sec-
tions to show first that minimal disks are immersed and then that (under additional
hypotheses) they are embedded.

In particular, we will need the following quantitative version of strong unique
continuation:

Theorem 4.16 (Quantitative Strong Unique Continuation)Suppose thatv is a
nonconstant solution onD to

(4.32) 0 = (ai,j vxj )xi + bi vxi + c v ,

whereaij is symmetric, uniformly elliptic, and Lipschitz, andbi, c are continuous.
Then there exists someε = ε(aij , bi, c) > 0 and d̄ such that for any2t < ε

(4.33)

∫
|x|=2t

v2∫
|x|=t v

2
≤ 22 d̄+1 .

In particular, there exists some integerd ≤ d̄ such thatv vanishes precisely to order
d at the origin.
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In fact, it will follow from the proof of Theorem 4.16 that̄d may be estimated
from above in terms of the growth ofv fromDε toD1/2.

Remark 4.17 In particular, Theorem 4.16 implies thatv cannot vanish to infinite
order at any point. An operator which has this property is said to satisfystrong
unique continuation. Note that ifL has this strong unique continuation property,
Lv = 0 on a connected domainΩ, andv vanishes on an open subset ofΩ, then
necessarilyv ≡ 0 onΩ.

In the case whereaij = δij andbi = c = 0, this theorem is closely related
to Hadamard’s three circles theorem from complex analysis. Theorem 4.16 is, by
now, standard; for instance, a proof can be found in [GaLi]. We will give a proof in
the case of the Laplacian onR2. This proof can easily be modified to work in the
general case.

Given a nonconstant functionv with ∆v = 0 onD, we will next defineI(t),
E(t), and the frequency functionU(t) for 0 < t ≤ 1 (cf. Almgren [Am2]). First,
defineI(t) by

(4.34) I(t) = t−1

∫
|x|=t

v2 =
∫ 2π

θ=0

v2(t cos θ, t sin θ) dθ .

Next, defineE(t) by

(4.35) E(t) =
∫
|x|≤t

|∇v|2 =
∫
|x|=t

vr v ,

wherevr = ∂v
∂r . Note that the second equality follows from Stokes’ theorem since

∆v2 = 2|∇v|2. Finally, define thefrequency functionU(t) by

(4.36) U(t) =
E(t)
I(t)

.

Lemma 4.18 If v is harmonic onD and0 < t ≤ 1, then

(4.37) E′(t) =
∫
|x|=t

|∇v|2 = 2
∫
|x|=t

v2
r .

In this case (wherev is harmonic on the two-dimensional disk), Lemma 4.18
can be proven by writingv = Re f (wheref is holomorphic), using the Cauchy-
Riemann equations, and integrating by parts. However, we will give a proof which
can be easily modified to apply more generally (we will return to this point).

PROOF: The coarea formula (i.e., (1.40)) gives

(4.38) E′(t) =
∫
|x|=t

|∇v|2 = t−1

∫
|x|=t

〈|∇v|2x, |x|−1 x〉 .

Since

(4.39) div(|∇v|2x) = (v2
xi
xj)xj

= 2xjvxi
vxixj

+ 2v2
xi
,
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applying Stokes’ theorem to (4.38) gives

(4.40) E′(t) = 2t−1E(t) + 2t−1

∫
|x|≤t

xj vxi
vxi xj

,

where by convention we sum over repeated indices. Since∆v = vxixi
= 0,

(4.41) xjvxivxixj = (xjvxivxj )xi − v2
xi
.

Substituting (4.41) into (4.40) and integrating by parts, we get

(4.42) E′(t) = 2 t−2

∫
|x|=t

(xjvxj
)2 = 2

∫
|x|=t

v2
r .

Example 4.19 Suppose thatv(x) is a homogeneous harmonic polynomial of de-
greed. It is easy to see thatr vr = d v and hence thatE(t) = d I(t). Consequently,
in this case,U(t) ≡ d. More generally, suppose thatw = w1 + w2 is a harmonic
function wherew1 is homogeneous of degreed and the Taylor series ofw2 starts
at degreed + 1. Using the orthogonality of the spherical harmonics, we see that
U(t) ≥ d in this case.

Lemma 4.20 If v is harmonic onD, then the frequency functionU(t) is mono-
tone nondecreasing.

PROOF: From the definition (4.36),

(4.43) (logU)′(t) =
E′(t)
E(t)

− I ′(t)
I(t)

.

Consequently, it suffices to show that

(4.44) I ′(t)E(t) ≤ E′(t) I(t) .

By Stokes’ theorem, differentiating (4.34) gives

(4.45) I ′(t) = 2t−1

∫
|x|=t

v vr = 2
E(t)
t

.

Multiplying both sides of (4.45) byE(t) and applying the Cauchy-Schwarz in-
equality, we get

I ′(t)E(t) =
2
t
E(t)2 =

2
t

(∫
|x|=t

v vr

)2

(4.46)

≤ 2 t−1

∫
|x|=t

v2

∫
|x|=t

v2
r = I(t)E′(t) ,

where the last equality follows from Lemma 4.18. This proves (4.44) and the
lemma follows.
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Although we will not use it, we note that ifv is harmonic and the frequency is
constant, thenv must be homogeneous and hence a spherical harmonic. Namely,
we have the following:

Lemma 4.21 If v is harmonic onD and the frequency functionU(t) is constant
(sayU(t) = d), thenv is a homogeneous harmonic polynomial of degreed.

PROOF: SinceU(t) = d is constant, we have equality in the Cauchy-Schwarz
inequality in (4.46) and therefore

(4.47) vr(x) = f(|x|) v(x)

for some functionf . Substituting (4.47) into the definition ofU(t),

(4.48) d t−1

∫
|x|=t

v2 = d I(t) = E(t) =
∫
|x|=t

v vr = f(t)
∫
|x|=t

v2

and hencef(t) = d t−1. Therefore, (4.47) gives

(4.49) vr(x) = d |x|−1 v(x) .

It follows from (4.49) thatv is homogeneous of degreed and is hence a spherical
harmonic.

We are now prepared to prove Theorem 4.16 when∆v = 0. In fact, we will
prove a stronger statement in this case which will cover Theorem 4.27 stated below.

PROOF OFTHEOREM 4.16FOR ∆v = 0 We will show this from the mono-
tonicity of the frequency function. Differentiatinglog I(t) (see (4.45)) gives

(4.50) (log I)′(t) = 2
U(t)
t

.

Therefore, using the monotonicity ofU(t), we can write

(4.51)
I(1)
I( 1

2 )
= e

2
∫ 1

1
2

U(t)
t dt

≥ e2U( 1
2 ) log 2 = 4U( 1

2 ) .

Again using the monotonicity ofU , we see by (4.51) thatU(t) is uniformly bound-
ed for t ≤ 1

2 . Consequently, integrating (4.50) and using the uniform bound on
U(t), we see that for0 < 2s ≤ t < 1

4

(4.52)
I(2s)
I(s)

= e2
∫ 2s

s

U(t′)
t′ dt′ ≤ 22U(2s) ≤ I(2t)

I(t)
.

The estimate (4.52) is known as a doubling estimate. Iterating (4.52) bounds the or-
der of vanishing at the origin (which gives quantitative strong unique continuation).
Consequently, the Taylor polynomial forv at the origin does not vanish identically;
let v1 denote the first nonzero Taylor polynomial (which has degreed ≥ 1). Since
v is harmonic,v1 andv − v1 are harmonic. By construction,v − v1 vanishes to
order at leastd+ 1 and the theorem follows.
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The key to proving this strong unique continuation theorem was obtaining the
doubling estimate (4.52). This doubling estimate was an immediate consequence
of a uniform bound on the frequency. When∆v = 0 on the disk, we deduced this
bound on the frequency from the monotonicity of the frequency. For more general
equations, as in Theorem 4.16, we can write down a frequency functionU(t), but
it is not necessarily monotone. However, if the coefficients are sufficiently regular,
then there will exist some constantΛ such thateΛ t U(t) is monotone. This gives
enough control to establish a uniform bound onU(t) for small t and hence the
doubling estimate.

As an example, consider the case whereaij = f δij with f(0) = 1, |∇f | ≤ λ,
andbi = c = 0. Suppose thatv is a nonconstant solution onD to

(4.53) div(f ∇v) = 0 .

It will be clear to the reader how to modify these arguments whenbi andc do not
vanish. Furthermore, equations of the form (4.53) (including the cases wherebi
andc appear) will suffice for all of our applications.

Remark 4.22 As noted at the end of section 2 of [GaLi], equations of the form
(4.32) can be transformed into the form (4.53) by making a suitable change of
metric (see [GaLi] for details).

In general, the above transformation involves introducing a new metric and
hence perturbation terms. In two dimensions, this can be avoided by using the
existence of isothermal coordinates.

Example 4.23 (Laplacian for a Riemannian Metric) Ifgij is a Riemannian
metric in a coordinate chart inR2, the associated Laplacian∆g is given by

(4.54) ∆gv =
1
√
g

(
√
g gij vxj )xi ,

whereg andgij are the determinant and inverse matrix ofgij . The existence of
isothermal coordinates allows us, after a change of coordinates, to suppose that
gij = f δij for a positive functionf . In this case, (4.54) becomes

(4.55) ∆gv =
1
f
vxi xi

.

For0 < t ≤ 1, defineI(t) andE(t) by

(4.56) I(t) = t−1

∫
|x|=t

f v2 .

Using Stokes’ theorem and the formuladiv(f ∇v2) = 2f |∇v|2 (by (4.53)), we
get

(4.57) E(t) =
∫
|x|≤t

f |∇v|2 =
∫
|x|=t

f vr v .
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Once again, we define the frequencyU as in (4.36).
Henceforth, we assume thatt, |x| ≤ 1

2λ so that12 ≤ f(x) ≤ 3
2 . Differentiating

I(t) gives

(4.58) I ′(t) = 2t−1

∫
|x|=t

f v vr + t−1

∫
|x|=t

fr v
2 ,

so Stokes’ theorem and the bound|∇f | ≤ 2λ f give

(4.59)

∣∣∣∣I ′(t)− 2
E(t)
t

∣∣∣∣ ≤ 2λ I(t) .

The definition ofU(t) and (4.59) give the differential inequality

(4.60)

∣∣∣∣(log I)′(t)− 2
U(t)
t

∣∣∣∣ ≤ 2λ .

The coarea formula (i.e., (1.40)) gives

(4.61) E′(t) =
∫
|x|=t

f |∇v|2 .

Applying Stokes’ theorem to (4.61) as before, we get

E′(t) =
∫
|x|=t

f |∇v|2 = t−1

∫
|x|=t

〈f |∇v|2x, |x|−1 x〉(4.62)

= 2t−1E(t) + t−1

∫
|x|≤t

xj (fvxi
vxi

)xj
,

since

(4.63) div(f |∇v|2x) = (f v2
xi
xj)xj

= xj (fvxi
vxi

)xj
+ 2f v2

xi
.

Since(fvxi
)xi

= 0, vxi xj
= vxj xi

, and(xi)xj
= δij ,

xj(fvxi
vxi

)xj
= xjfxj

vxi
vxi

+ 2xjfvxi
vxj xi

= xjfxj
vxi

vxi
+ 2(xjfvxi

vxj
)xi

− 2xjvxj
(fvxi

)xi
− 2fv2

xi
(4.64)

= xjfxjvxivxi + 2(xjfvxivxj )xi − 2fv2
xi
.

Substituting equation (4.64) into (4.62), integrating by parts, and using the
bound|∇f | ≤ 2λ f yields

(4.65)

∣∣∣∣∣E′(t)− 2
∫
|x|=t

f v2
r

∣∣∣∣∣ ≤ 4λE(t) .

Combining (4.60) and (4.65), differentiatinglogU(t) as in (4.43) gives

(4.66)

∣∣∣∣∣(logU)′(t)− 2
E(t)

∫
|x|=t

f v2
r + 2

U(t)
t

∣∣∣∣∣ ≤ 6λ .



74 EXISTENCE RESULTS

Arguing exactly as in (4.46) and using Cauchy-Schwarz gives

(4.67) 0 ≤ 2
E(t)

∫
|x|=t

f v2
r − 2

U(t)
t

.

Combining (4.66) and (4.67), we see thate6λ t U(t) is monotone nondecreasing.
In particular, for all0 < t ≤ 1

2λ

(4.68) U(t) ≤ e6λ t U(t) ≤ e3 U

(
1

2λ

)
.

Combining the uniform bound on the frequency, (4.68), and the differential in-
equality (4.60), we obtain the desired bound on the order of vanishing ofv. This
completes the proof of Theorem 4.16 for equations of the form (4.53).

4.6 Local Description of Nodal and Critical Sets

Using the results of the previous section, we will obtain a useful local description of
solutions to elliptic equations on the diskD. We will focus primarily on obtaining
local asymptotic expansions and on the consequences of these expansions for the
nodal and critical sets.

Definition 4.24 (Nodal and Critical Sets) Given a functionu, the nodal set
of u is the set{u = 0} whereu vanishes. Thecritical set of u is the set{u =
0} ∩ {∇u = 0} whereu and∇u both vanish.

Before we get to the main results of this section, we will need some background
material on elliptic estimates. As we saw in Chapter 1, the mean value inequality
bounds the maximum of a harmonic function by its average on a larger ball. Com-
bining this with the reverse Poincaré inequality, one can then control all higher
derivatives similarly. For more general equations, similar arguments give the fol-
lowing lemma (see theorem 8.8 of [GiTr] or [HaLi] for a proof):

Lemma 4.25 Let v be a solution to(4.32) on D, and suppose further that
aij , bi, c are smooth. Then there exists constantsε > 0 andC < ∞ which de-
pend onaij , bi, c such that for|x| ≤ ε

(4.69) |v(x)|2 + |x|2 |∇v(x)|2 + |x|4 |∇2v(x)|2 ≤ C |x|−2

∫
B2 |x|

v2 .

Combining Theorem 4.16 and Lemma 4.25 gives the following corollary:

Corollary 4.26 Letv be a solution to(4.32)onD, and letd̄ be the bound on the
order of vanishing given by Theorem 4.16. Suppose further thataij , bi, andc are
smooth. Then there exists constantsε > 0 andC < ∞ which depend onaij , bi, c
and d̄ such that for|x| ≤ ε

(4.70) |v(x)|2 + |x|2 |∇v(x)|2 + |x|4 |∇2v(x)|2 ≤ C I(|x|) .
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PROOF: By Theorem 4.16, the frequencyU(t) is uniformly bounded bȳd on
some ball{|x| ≤ 2 ε}. Consequently, we have for anys ≤ ε that

(4.71) I(2s) ≤ 22d̄ I(s) .

Integrating the bound (4.71) (and using the trivial monotonicity ofI(t)) gives

(4.72)
∫
|x|≤2s

v2 =
∫ 2s

t=0

∫
|x|=t

v2 dt ≤
∫ 2s

t=0

t I(t) dt ≤ C1 s
2 I(s) .

The estimate (4.70) now follows by combining (4.69) and (4.72).

Theorem 4.27 (Local Asymptotics [Ber]) Let v be a solution to(4.32), let
d̄ and d be the bound on the order of vanishing and the order of vanishing at0,
respectively, given by Theorem 4.16. Suppose further thataij , bi, andc are smooth.
There exists a linear transformationT such that after rotating byT we can write

(4.73) v(x) = pd(x) + q(x) ,

wherepd is a homogeneous harmonic polynomial of degreed and

(4.74) |q(x)|+ |x| |∇q(x)|+ · · ·+ |x|d |∇dq(x)| ≤ C|x|d+1

for someC <∞ which depends onaij , bi, c and d̄.

PROOF: After a linear transformation, we may assume thataij(0) = δij and
aij(x)− δij = cij(x) where|cij(x)| ≤ λ |x|. We can then write (4.32) as

∆v = −(ci,j vxj
)xi

− bi vxi
− c v(4.75)

= −ci,j vxi xj
− b′i vxi

− c v ,

whereb′i = bi + (ci,j)xj
.

By Theorem 4.16,v(x) vanishes precisely to orderd at the origin. Therefore
the limit

(4.76) lim
t→0

t−2d I(t)

exists and is not zero. In fact, ifpd(x) denotes the degreed Taylor polynomial for
v at the origin, then

(4.77) lim
t→0

t−2d I(t) = lim
t→0

t−2d−1

∫
|x|=t

p2
d .

Define the error termq by q(x) = v(x)− pd(x) so thatq vanishes to order at least
d+ 1 at the origin.

Sincev satisfies (4.75), we have

(4.78) lim
|x|→0

|x|d−2∆v = − lim
|x|→0

|x|d−2
(
ci,j vxi xj

− b′i vxi
− c v

)
.



76 EXISTENCE RESULTS

The bound on the frequency implies that the estimate (4.70) applies tov. Hence the
limits of the second two terms in (4.78) are both zero andvxi xj

is of order|x|d−2.
However,|cij | ≤ λ |x| so the last term on the right-hand side also goes to zero.
Consequently,

(4.79) |∆v| ≤ C |x|d−1 .

On the other hand, sincev− pd is of order at leastd+ 1 the Hessian∇2(v− pd) is
of order at leastd− 1. Therefore (4.79) implies that∆pd is of order at leastd− 1.

However,pd is homogeneous of degreed and hence∆pd is a homogeneous
degreed − 2 polynomial. A homogeneous degreed − 2 polynomial which is of
order at leastd− 1 must vanish identically, and hencepd is a spherical harmonic.

Substituting the definition ofq into (4.75), we see thatq itself satisfies an elliptic
equation

(4.80) ∆q = ∆(v − pd) = ∆v = −ci,j vxi xj − b′i vxi − c v .

As we already verified, the right-hand side of (4.80) vanishes to order at leastd+1.
Lemma 4.25 then yields the higher-order estimates in (4.74).

We will use Theorem 4.27 repeatedly to describe the local behavior of minimal
surfaces and their almost conformal parameterizations.

In two dimensions, a spherical harmonicpd(x) of degreed can be written as a
constant times the real part ofei θ (x1 + i x2)d for someθ ∈ [0, 2π). The real part
of a complex vector-valued functionf will be denoted byRe f .

Lemma 4.28 Suppose that

(4.81) v(x) = pd(x) + q(x) ,

wherepd is a nontrivial homogeneous harmonic polynomial of degreed, and there
is a constantC such that

(4.82) |q(x)|+ |x| |∇q(x)| ≤ C|x|d+1 ;

then there exists a neighborhoodU of 0 and aC1 diffeomorphismF : U → D with
F (0) = 0 such thatF (U ∩ {v = 0}) is equal to the2d smooth arcs given by

(4.83) αj(t) = t e
j πi

d

for t ∈ [0, ε] andj = 1, . . . , 2d.

PROOF: Since we are in two dimensions,pd(x) can be written as a constant
times the real part ofei θ zd wherez = x1 + i x2. After a rotation, we may suppose
thatθ = 0 so that

(4.84) v(z) = Re(zd + q(z)) .
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The estimate (4.82) implies that the map

(4.85) F (z) = z(1 + z−d q(z))
1
d

is well-defined for|z| ≤ 1
2C . The complex derivative ofF is given by

Fz(z) = (1 + z−d q(z))
1
d(4.86)

+
z

d
(1 + z−d q(z))

1−d
d (z−d qz(z)− d z−d−1 q(z)) .

Applying (4.82) again, we see thatF is C1 andFz(0) = 1. The implicit function
theorem gives the desired neighborhoods and aC1 inverseF−1.

Composing with the diffeomorphismF , we see thatv(x) = Re(F (z))d. The
description (4.83) follows immediately.

The first application of Theorem 4.27 of Bers will be to obtain a result of Rado.

Theorem 4.29 (Rado [Ra2]) Suppose thatΩ ⊂ R2 is a convex subset and
σ ⊂ R3 is a simple closed curve which is graphical over∂Ω. Then any minimal
disk Σ ⊂ R3 with ∂Σ = σ must be graphical overΩ and hence unique by the
maximum principle.

PROOF: Suppose thatΣ is such a minimal disk that is not graphical. Then the
projection to the(x1, x2)-plane cannot be an immersion. Consequently, there exists
somex ∈ Σ such that atx∇Σx1 and∇Σx2 are linearly dependent. In other words,
there exists(a, b) 6= (0, 0) such that

(4.87) ∇Σ(a x1 + b x2)(x) = 0 .

By Proposition 1.6,a x1 +b x2 is harmonic onΣ (since it is a linear combination of
coordinate functions). We may therefore apply Theorem 4.27, and it follows from
(4.87) and Lemma 4.28 that the nodal line

(4.88) a x1 + b x2 = (a x1 + b x2)(x)

has a singularity atxwhere at least four different curves meet. If two of these nodal
curves were to meet again, then there would be a closed nodal curve which must
bound a disk (sinceΣ is a disk). By the maximum principle,a x1 + b x2 would
have to be constant on this disk and hence constant onΣ by unique continuation.
This would imply thatσ = ∂Σ is contained in the plane given by (4.88). Since
this is impossible, we conclude that all of these curves go to the boundary without
intersecting again.

In other words, the plane inR3 given by (4.88) intersectsσ in at least four
points. However, sinceΩ ⊂ R2 is convex,∂Ω intersects the line given by (4.88)
in exactly two points. Finally, sinceσ is graphical over∂Ω, σ intersects the plane
in R3 given by (4.88) in exactly two points, which gives the desired contradiction.
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We will next apply Theorem 4.27 to obtain a normal form for a harmonic map
u : D → R3.

Lemma 4.30 Let u : D → R3 be a nonconstant harmonic map withu(0) = 0
and∇u(0) = 0. The following local asymptotic expansion holds:

(4.89) u(x) = Re
2d−1∑
j=d

aj(x1 + ix2)j + q(x) ,

whered ≥ 2, eachai ∈ C3, ad 6= 0, and

(4.90) |q(x)|+ |x| |∇q(x)| ≤ C|x|2d .

PROOF: Since the components ofu are actually harmonic functions onD, The-
orem 4.16 implies thatu vanishes to some finite orderd ≥ 2 there. Letu1 denote
the firstd terms in this expansion (so thatu1 has terms of degreed to 2d − 1 and
the degreed term is nontrivial). We can then writeu(x) = u1(x) + q(x) where
q(x) satisfies (4.90), and the claim follows.

Suppose now thatu : D → R3 is an almost conformal harmonic map (so that
the image is minimal). We saw in the previous section thatu is an immersion away
from the (isolated) branch points whereux1 andux2 both vanish. We are interested
in giving a description ofu near such a branch point. Our presentation will roughly
follow the arguments of Gulliver in [Gu].

We let z = x1 + ix2 be the complex coordinate onD. Sinceu is almost
conformal,

(4.91) 〈uz, uz〉 = 0 .

Note that this gives two equations (namely, that the real and imaginary parts both
vanish). Applying this to the local representation (4.89), we get that〈ad, ad〉 = 0
and〈ad, ad+1〉 = 0. This first condition implies that the real and imaginary parts
of ad are orthogonal and of equal length. After a rotation, we can assume thatad =
(a,−i a, 0) wherea > 0. After dilating, we can takea = 1 so thatad = (1,−i, 0).
Since〈ad, ad+1〉 = 0, we can writead+1 = (c,−i c, c′). Substituting this back
into (4.90), we get

(4.92) u1(z) + iu2(z) = zd + czd+1 +G(z) ,

whered ≥ 2 and

(4.93) |z| |u3(z)|+ |G(z)|+ |z| |∇G(z)| ≤ C |z|d+2 .

Equations (4.92) and (4.93) give a sort of normal form for minimal surfaces near a
branch point. It will be convenient to obtain an even more canonical representation
by choosing a nice reparameterization ofD.
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Lemma 4.31 Suppose that(4.92) and (4.93) hold. Then there exist neighbor-
hoodsU andV of 0 ∈ D and aC1 diffeomorphismF : V → U such that for
z ∈ V

(4.94) u1 + iu2 = (F (z))d

andu3 = φ(F (z)), where

(4.95) |φ(z)|+ |z| |∇φ(z)|+ |z|2 |∇2φ(z)| ≤ C|z|d+1 .

If u is real analytic, thenF andφ are real analytic away from0.

Note thatC in (4.95) is not the same as in (4.93). The fact that we can takeF
andφ to be real analytic will not be used until we study false branch points.

PROOF: The estimate (4.93) onG(z) implies that for smallz

(4.96) |z|−d |G(z)| < 1 .

We can therefore define

(4.97) F (z) = z(1 + z−dG(z))
1
d .

Clearly, with this definition (4.94) is satisfied.
The estimate (4.93) implies thatF is C1 and the derivative at the origin is the

identity. Consequently the implicit function theorem gives the desired neighbor-
hoodsU andV and aC1 inverseF−1. The estimate (4.95) follows immediately
from (4.93).

If u is real analytic, then so isG. It follows immediately from (4.97) thatF is
real analytic away from0. Sinceφ is the composition of a real analytic function
with F it is real analytic whereF is (namely, away from0).

The image minimal surface is locally a multi-valued graph over the plane
x3 = 0. We will next analyze the height functionφ. Taking into account the param-
eterization (4.94), we can write the minimal surface equation forφ from Lemma
4.31 as

(4.98) div
(
∇φ
W

)
= 0 ,

where

(4.99) W =
(

1 +
|∇φ|2

d2|z|2d−2

) 1
2

.

Whend = 1, (4.98) is the classical minimal surface equation (described in Chapter
1). Ford ≥ 2, (4.95) implies thatW is bounded so that (4.98) is again a uniformly
elliptic equation.
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Lemma 4.32 Suppose thatd ≥ 1 is fixed,φ1 andφ2 are solutions onD to (4.98)
with W as in (4.99), φi(0) = 0, and |φi(z)| ≤ C0 |z|d+1. If Φ = φ1 − φ2 is not
identically zero, then there exists an integern ≥ d+ 1 (in fact,n ≥ d+ 2) and an
asymptotic expansion

(4.100) Φ(z) = Re c zn + ρ(z) ,

wherec 6= 0 and

(4.101) |ρ(z)|+ |z| |∇ρ(z)| ≤ C|z|n+ε

for someε > 0 andC <∞.

PROOF: As in the proof of the strong maximum principle (Lemma 1.17), we
conclude thatΦ satisfies an equation of the form

(4.102) 0 = (ai,j Φxj )xi + bi Φxi + cΦ ,

whereaij , bi, c are smooth,aij is symmetric, uniformly elliptic, andaij(0) = δij .
We are now in a position to apply Theorem 4.27 toΦ. We conclude that if

Φ does not vanish identically, then there is an asymptotic expansion of the form
(4.100) sinceΦ(0) = 0.

The casesd ≥ 2 of Lemma 4.32 will be applied to study branch points of
minimal surfaces. In later sections, we will apply Lemma 4.32 to the minimal
surface equation (that is, the cased = 1) when we analyze the intersections of
immersed minimal surfaces.

Suppose now thatζ is ad-th root of unity (that is,ζd = 1). Thenφζ(z) ≡ φ(ζ z)
also satisfies (4.98). Moreover, the self-intersections of the minimal surface are the
points whereφζ andφ agree (as we allow all possible values ofζ). Fixing ζ for
now, define the functionΦ by

(4.103) Φ(z) = φζ(z)− φ(z) .

By Lemma 4.32, ifΦ is not identically zero, we get an asymptotic expansion of the
form

(4.104) Φ(z) = Re c zn + ρ(z) ,

wherec 6= 0 and

(4.105) |ρ(z)|+ |z| |∇ρ(z)| ≤ C|z|n+ε

for someε > 0.
Arguing exactly as in Lemma 4.31, we can make aC1 change of coordinatesF

which is conformal at the origin such that on some ballBr0 we can representΦ as

(4.106) Φ(z) = ReF (z)n .

Finally, the representation (4.106) allows us to give a good description ofu near
a branch point.
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Theorem 4.33 Letu : D → R3 be an almost conformal harmonic map (so that
the image is minimal). There exists some neighborhoodV containing the origin
such that eitheru(V ) is an immersed surface or there exist simpleC1 arcs γi :
[0, 1] → D with γi(0) = 0, |γ′i(0)| = 1, γ′1(0) 6= γ′2(0), u(γ1(t)) = u(γ2(t)) for
all t, and such that the tangent spaces to the image ofu meet transversely along
the images of theγi.

PROOF: We may suppose thatu has a branch point at0 (otherwise the first
option holds trivially). By Lemma 4.31, there is a neighborhoodV such that, after
a coordinate change, we have the representationu1 + i u2 = zn andu3(z) = φ(z)
where (4.95) holds. Letζ = e2πi/n andΦ = φζ − φ.

If Φ is identically zero, thenφ(z) = φ(ζ z) for all z and henceφ(z) = φ̄(zn)
for a smooth function̄φ. We can then reparametrize the imageu(V ) by taking
ū(z) = u(z1/n). The image of̄u is an immersed surface and it clearly coincides
with the image ofu.

Otherwise, ifΦ does not vanish identically, then we have the representation
(4.106) forΦ in the coordinates given byF . In these coordinates,

(4.107) Φ(t e
πi
2n ) = Re(i tn) = 0

for 0 ≤ t ≤ r0. Since, by definition,Φ vanishes whenφ andφζ agree, (4.107)
implies that

(4.108) φ(t e
πi
2n ) = φζ(t e

πi
2n ) = φ(t e

5πi
2n )

for 0 ≤ t ≤ r0. Therefore, in the coordinates given byF , the curvesγi are given
by the rays from the origin inBr0 with angles π2n and 5π

2n .
Finally, since{|∇Re zn| = 0} = {0}, the representation (4.106) implies that

∇Φ does not vanish along theγi (except at the origin). Consequently, the tangent
spaces to the image ofu meet transversely along the images of theγi.

Definition 4.34 If 0 is a branch point ofu but there exists some neighborhood
V containing the origin such thatu(V ) is an immersed surface, then we say that0
is a false branch point. If there exists some neighborhoodV containing the origin
and simpleC1 arcsγi : [0, 1] → D with γi(0) = 0, |γ′i(0)| = 1, γ′1(0) 6= γ′2(0),
u(γ1(t)) = u(γ2(t)) for all t, and such that the tangent spaces to the image ofu
meet transversely along the images of theγi, then0 is atrue branch point.

False branch points come from the parameterization whereas true branch points
are visible in the geometry of the image surface. For this reason, it is significantly
easier to rule out true branch points for area-minimizing disks. We will return to
this in the next section.

4.7 The Absence of True Branch Points

In this section, we will prove that a least area mapu : D → R3 does not have any
true branch points; in other words, the image ofu must be an immersed surface.
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In particular, ifu is a solution to the Plateau problem (see Definition 4.13), then
u(D) is an immersed surface. True branch points were ruled out by R. Osserman
in [Os1]. This leaves open the possibility thatu has false branch points (where the
problem is with the parameterization and not the surface). This will be addressed
in the next section.

Theorem 4.35 (Osserman [Os1]) If u : D → R3 is an almost conformal
harmonic map with a true branch point at the origin, then there exists a map
v : D → R3 such thatu and v have the same image,u and v are homeomor-
phic on∂D, andv is not stationary for the energy functional with respect to some
compactly supported smooth variation.

As an immediate consequence, we see that ifu has a true branch point it cannot
be area-minimizing.

Corollary 4.36 (Osserman [Os1]) If u : D → R3 is a solution to the Plateau
problem, then it cannot have any true branch points.

PROOF: If u had a true branch point, then Theorem 4.35 would give a new map
with the same energy which is not minimizing. This gives a contradiction.

In the proof of Theorem 4.35, we will use the existence of a true branch point
to construct a map (via cut-and-paste arguments) with the same energy which now
folds along a curve. Since stationary maps from the disk have isolated singularities,
the new map cannot be stationary.

PROOF OFTHEOREM 4.35 As promised we will construct an almost confor-
mal mapv with the same image asu so that

(4.109) Ev = 2 Areav = 2 Areau = Eu

and such thatv is not stationary for the energy. Before doing this, we will construct
a map̄v with the same image asu that is continuous and is an immersion away from
a set of measure zero. Morrey’s version of the uniformization theorem guarantees
that we can reparametrizēv to get the almost conformal mapv.

Suppose that0 is a true branch point ofu : D → R3 and letγi, i = 1, 2, and
V be given by Theorem 4.33. We may suppose that∂V is smooth and that each
curveγi intersects∂V transversally. In fact, after reparameterizing theγi, we can
arrange that

(4.110) γi ∩ ∂V = γi(ε)

for someε > 0.
Choose a homeomorphism̄F : Dε → V which isC2 away from the origin with

F̄ (it) = γ1(t) andF̄ (−it) = γ2(t) for 0 ≤ t ≤ ε.
We will next construct a mapG : Dε → Dε with the following properties. First,

G is the identity on∂Dε and continuous in a neighborhood of∂Dε. Second, for
− ε

2 ≤ t ≤ ε
2

(4.111) lim
s→0+

G(t+ is) = 2 i |t|
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and

(4.112) lim
s→0−

G(t+ is) = −2 i |t| .

Third, even thoughG will not be continuous across the real axis,u(F̄ (G)) is will
be continuous everywhere. This is possible since (4.111) and (4.112) imply that
u(F̄ (G(t))) = u(γi(|t|)). Fourth,u(F̄ (G)) is piecewiseC2 and an immersion
almost everywhere.

There is clearly a great deal of freedom in constructing the mapG. We de-
scribe one possible construction. Choose a discontinuous mapG : Dε → Dε such
that the negative and positive parts of the imaginary axis are mapped to−iε and
iε, respectively,− ε

2 and ε
2 are taken to the origin, the segments of discontinuity

[− ε
2 , 0] and [0, ε2 ] are mapped according to (4.111) and (4.112),G is the identity

on∂Dε and continuous on a neighborhood of∂Dε, andG is a diffeomorphism on
each connected component ofDε \

(
[− ε

2 , 0] ∪ [0, ε2 ] ∪ [−iε, iε]
)
. The mapG was

constructed so thatu(F̄ (G)) is continuous and piecewiseC2.
Define a new map̄v by

v̄(z) = u(F̄ (G(F̄−1(z)))) for z ∈ V and(4.113)

v̄(z) = u(z) for z /∈ V .

The mapv̄ is continuous, piecewiseC2 and is an immersion away from a set of
measure zero.

Morrey’s version of the uniformization theorem (see Remark 4.3) implies that
there is homeomorphismT : D → Dε in W 2 (so that its Hessian is inL2) such
that v = v̄ ◦ T is almost conformal. By construction, the images ofu andv are
identical so that they have equal area.

However, the transversality of the image minimal surface along theγi implies
that the mapv now has branch points along two entire segments. Thereforev
cannot be stationary for energy since, by Corollary 4.15, the branch points for a
stationary map are isolated.

4.8 The Absence of False Branch Points

The main result of this section, Theorem 4.38, shows that a solution to the Plateau
problemu : D → Ω ⊂ R3, whereΩ is mean convex andu(∂D) is embedded,
does not have any false branch points. Combined with Osserman’s result from the
previous section, it follows that the energy-minimizing mapu is an immersion.

The most general version of this result is due to R. Gulliver, theorem 8.2 of
[Gu] (see also H. W. Alt [Alt]). Recall thatu is said to be a solution to the Plateau
problem with boundaryΓ if u minimizes energy among all maps whose restriction
to ∂D is a monotone map toΓ (see Definition 4.13).

Theorem 4.37 (Absence of False Branch Points, [Gu]; cf. [Alt]) LetM3 be
a three-dimensionalC3 Riemannian manifold andΓ ⊂ M a piecewiseC1 Jordan
curve. Ifu : D → R3 is a solution of the Plateau problem with boundaryΓ, thenu
is an immersion onD. That is,u has no interior branch points.



84 EXISTENCE RESULTS

Since our primary interest will be in the special case where the boundary of
u(D) lies in a mean convex domain, we will not further discuss Theorem 4.37.
The question of boundary branch points is not completely solved except in the case
of real analytic boundary by Gulliver and F. Leslie [GuLe]. On the other hand,
the definitive boundary regularity result was proven for minimizing currents by
Hardt and Simon in [HaSi] (see [Wh2] for the latest developments in the study of
boundary regularity for minimal surfaces).

The main theorem of this section is the following:

Theorem 4.38 (Absence of False Branch Points)Let Ω be a bounded mean
convex region with smooth boundary and suppose thatu : D̄ → Ω̄ ⊂ R3 is a
solution of the Plateau problem as in Definition 4.13. Ifu(∂D) ⊂ ∂Ω is embedded
andu(D) ∩ Ω 6= ∅, thenu(D) ⊂ Ω andu has no false branch points.

Let u : D → Ω ⊂ R3 be a solution to the Plateau problem so thatu is almost
conformal, harmonic, andu : ∂D → ∂Ω is monotone. In Corollary 4.36 (in the
previous section), we saw that the imageu(D) is an immersed surface.

By Lemma 4.31, after aC1 change of coordinates which is real analytic away
from 0, there exists a neighborhoodV of 0 ∈ D and an integerd < ∞ such that
for z ∈ V

(4.114) u1 + iu2 = zd

andu3 = φ(z), where

(4.115) |φ(z)|+ |z| |∇φ(z)|+ |z|2 |∇2φ(z)| ≤ C|z|d+1 .

If d ≥ 2, then0 is a branch point foru. In this case,0 is a false branch point if

(4.116) φ(z) ≡ φ(ζd z)

for all z ∈ V and for anyd-th root of unity ζd. By the results of the previous
section, all interior branch points are false.

Of course, if0 is not a branch point, then we have (4.114) and (4.115) with
d = 1.

Before proving the theorem, we will need some preliminary lemmas.

Lemma 4.39 Given anyz ∈ D̄ and compact setK ⊂ D, the setK ∩u−1(u(z))
is finite.

PROOF: For any pointzj ∈ K ∩ u−1(u(z)) ⊂ D, the representation (4.114)
implies there is a neighborhoodVzj

of zj such that

(4.117) Vzj ∩ u−1(u(z)) = {zj} .

Sinceu is continuous on̄D, the setu−1(u(z)) is compact and so isK∩u−1(u(z)).
Therefore, there is a finite set of distinct pointsz1, . . . , zk such that

(4.118) K ∩ u−1(u(z)) ⊂
k⋃
j=1

Vzj
.
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Combining (4.117) and (4.118), we haveK ∩ u−1(u(z)) = {zj}j=1,...,k and the
lemma follows.

We will now specialize to the case where the boundary of the minimal surface
is contained in the boundary of a mean convex region. This situation will be the
focus of the next section.

If the region is actually convex, then things are simpler, as the following exam-
ple illustrates:

Example 4.40 Suppose thatu : D̄ → B̄1 ⊂ R3 is a continuous (on̄D) harmonic
map (not necessarily almost conformal) withu(∂D) ⊂ ∂B1 andu(D) ∩ B1 6= ∅.
Definev : D̄ → R by v(z) = 1− |u(z)|2. Sincev ≥ 0, v(∂D) = 0, and∆v ≤ 0,
the strong maximum principle implies thatv is positive inD. In other words,
u(D) ⊂ B1. Furthermore, the Hopf boundary point lemma implies that the normal
derivative tov does not vanish on∂D. If u is, in addition, almost conformal andC1

on D̄, this nonvanishing implies that there are no branch points in a neighborhood
of ∂D.

In the next lemma (Lemma 4.41), we will generalize this example to the case
whereu : D̄ → Ω̄ ⊂ R3 is an almost conformal harmonic map withu(∂D) ⊂ ∂Ω
and∂Ω is mean convex. To do this we will need to compute the Hessian of the
distance function to the boundary of a mean convex region.

Let Ω ⊂ R3 be a mean convex region inR3 and letρ denote the distance to the
boundary, that is,

(4.119) ρ(x) = dist(∂Ω, x) .

For y ∈ ∂Ω, let κ1(y) ≤ κ2(y) denote the principal curvatures of∂Ω. Since the
boundary∂Ω is mean convex, we have

(4.120) 0 ≤ min
y∈∂Ω

[κ1(y) + κ2(y)] .

Since∂Ω is smooth and compact,

(4.121) max
y∈∂Ω

[|κ1(y)|+ |κ2(y)|] ≤ κ̄ <∞ .

Combining (4.120) and (4.121), for anyy ∈ ∂Ω andt < 1/κ̄, we get

0 ≤ κ1(y) + κ2(y)− 2 t κ1(y)κ2(y)
(1− κ1(y) t) (1− κ2(y) t)

(4.122)

=
κ1(y)

1− κ1(y) t
+

κ2(y)
1− κ2(y) t

.

If κ1(y) ≤ 0, then (4.122) is immediate. If0 < κ1(y), we use the fact thatt < 1/κ̄
and hence

(4.123) 2 t κ1(y)κ2(y) ≤ t (κ2
1(y) + κ2

2(y)) < κ1(y) + κ2(y) .
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By (4.121), there is a tubular neighborhoodΩδ = {ρ < δ} ∩ Ω such that each
x ∈ Ωδ has a unique closest pointx′ ∈ ∂Ω. In other words, the normal exponential
map is a diffeomorphism ontoΩδ. We can therefore use the Riccati equation to
compute the Hessian of the distance function to∂Ω on Ωδ (this is done on page
355 of [GiTr]). Givenx ∈ Ω with dist(∂Ω, x) = t < δ, then|∇ρ| = 1 (∇ρ is the
unit normal to the level set{ρ = t}). If x′ ∈ ∂Ω is the closest point tox, then the
eigenvalues of the Hessian ofρ atx are given by

(4.124)
−κ1(x′)

1− κ1(x′) t
,

−κ2(x′)
1− κ2(x′) t

, 0 .

Given anyC2 functionf : R → R, the Hessian off ◦ ρ is

(4.125) (f(ρ))xi xj = f ′′(ρ) ρxi ρxj + f ′(ρ) ρxi xj .

If f(t) = 2 a t − t2 for some constanta > 0, so thatf ◦ ρ = 2 a ρ − ρ2, then
f ′(t) = 2 a − 2 t andf ′′(t) = −2. Combining (4.124) and (4.125), ifx′ ∈ ∂Ω
is the closest point tox, then the eigenvalues of the Hessian of2 a ρ − ρ2 atx are
given by

(4.126) − 2(a− t)
κ1(x′)

1− κ1(x′) t
, − 2(a− t)

κ2(x′)
1− κ2(x′) t

, −2 .

Lemma 4.41 Let Ω be a bounded mean convex region with smooth boundary,
and suppose thatu : D̄ → Ω̄ ⊂ R3 is continuous, almost conformal, and harmonic.
If u(∂D) ⊂ ∂Ω andu(D) ∩ Ω 6= ∅, thenu(D) ⊂ Ω and |∇u| does not vanish on
∂D.

Notice that this implies thatu(D̄) intersects the boundary transversely.

PROOF: Choosea > 0 small enough so that

(4.127) a κ̄ <
1
2

;

then fort < δ1 = min{δ, 1
2 κ̄} we have

(4.128) (a− t)
κ̄

1− κ̄ t
< 1 .

Set

(4.129) f(t) = 2 a t− t2

and

(4.130) v(z) = f ◦ ρ(u(z)) .

Combining (4.126) and (4.128), we get that the eigenvalues ofHessf◦ρ(ȳ) for
ρ(y) ≤ δ1 are

(4.131) −2 < − 2(a− t)
κ2(y)

1− κ2(y) t
≤ − 2(a− t)

κ1(y)
1− κ1(y) t

,
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wherey ∈ ∂Ω is the closest point tōy.
We will show thatv(z) is superharmonic ifu(z) is in some tubular neighbor-

hood of∂Ω. Using this, it will again follow thatu(D) ⊂ Ω and that the normal
derivative ofu does not vanish at the boundary.

Let z = x1 + i x2 be coordinates forD andy1, y2, y3 be coordinates forR3.
Using the chain rule and the fact that∆u = 0, we get

∆v(z) = vxi xi
(z) = (f ◦ ρ)yj yk

(u(z)) (uj)xi
(z) (uk)xi

(z)
+ (f ◦ ρ)yj

(u(z)) (uj)xi xi
(z)(4.132)

= (f ◦ ρ)yj yk
(u(z)) (uj)xi

(z) (uk)xi
(z) .

If we let Πz denote the two-plane spanned byux1(z) andux2(z), then (4.132)
together with the fact thatu is almost conformal gives

∆v(z) = Hessf◦ρ(u(z)) (uxi
(z), uxi

(z))(4.133)

= |ux1(z)|2 TrHessf◦ρ(u(z))
∣∣
Πz
.

Suppose now thatρ(u(z)) = t ≤ δ1 so that (4.131) applies and hence

max
two planesΠ

TrHessf◦ρ(u(z))
∣∣
Π

(4.134)

= −2(a− t)
(

κ1(y)
1− κ1(y) t

+
κ2(y)

1− κ2(y) t

)
≤ 0 ,

where the last inequality follows from (4.122) andy is the closest point in∂Ω to
u(z).

Combining (4.133) and (4.134),v is superharmonic so long asρ(u(z)) ≤
min {δ1, a}. Sincev is nonnegative, vanishes on the boundary, andu(D)∩Ω 6= ∅,
it must be strictly positive onD by the maximum principle. By the definition ofv
this implies thatu(D) ⊂ Ω. Finally, sincev achieves its minimum on every point
of the boundary, the Hopf boundary point lemma implies that the normal derivative
dv
dn is strictly negative on the boundary. Combining this with the chain rule, we get
that in the weak sense

(4.135) 0 <
dv

dn
= (f ◦ ρ)yj

(u)
duj
dn

= 2 a
〈
∇ρ(u) , du

dn

〉
,

and hence∇u does not vanish on the boundary.

As a consequence, we see that the restriction ofu to the boundary is an embed-
ding andu can have at most finitely many interior branch points.

Corollary 4.42 Let Ω be a bounded mean convex region with∂Ω smooth, and
suppose thatu : D̄ → Ω̄ ⊂ R3 isC1 on D̄, almost conformal, and harmonic. Let
B0 denote the branch points ofu and defineB = u−1(u(B0)). If u(∂D) ⊂ ∂Ω and
u(D)∩Ω 6= ∅, thenB is finite and there is a compact setK ⊂ D such thatB ⊂ K.
In particular, the restriction ofu to ∂D is an embedding.
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PROOF: The previous lemma (see (4.135)) gives that|∇u| > 0 on ∂D and
hence, sinceu is almost conformal, there are no branch points on the boundary
of D. Sinceu ∈ C1(D̄), this implies that∇u does not vanish on a neighbor-
hood of the boundary (so that there are no branch points in a neighborhood of
the boundary). Therefore, we have that the branch points are compactly contained
in D. Since the local description (4.114) implies that they are isolated there can
be only finitely many. LetB0 = {z1, . . . , zk} denote the branch points and let
B = u−1(u({z1, . . . , zk})).

The previous lemma implies thatu−1(u(zj)) ⊂ D for eachj. Sinceu is contin-
uous, this implies thatu−1(u(zj)) is compactly contained inD. Therefore, Lemma
4.39 implies thatu−1(u(zj)) is a finite set. Doing this for eachj = 1, . . . , k, we
get thatB is a finite set of points which is compactly contained inD.

We are now prepared to prove the main theorem of this section.

PROOF OFTHEOREM 4.38 We will suppose that0 is a false branch point foru
of orderd ≥ 2 and thatu(D) is not contained in a plane and deduce a contradiction.

We begin by showing that there is some planeΠ throughu(0) such thatΠ
intersectsu(D) transversely and

(4.136) Π ∩ u(B) = {u(0)} .

Let Π̃ denote the set of two planes inR3 throughu(0) such that (4.136) holds.
Sinceu(B) is a finite set of points, there is some finite set of lines throughu(0)

which intersectu(B) \ {u(0)}. Each of these lines is contained in a one-parameter
family of planes throughu(0) so thatΠ̃ is an open set with full measure.

Define the mapP : S1 × (−π
4 ,

π
4 )× R2 → R3 by

P (θ1, θ2, (a1, a2)) = u(0) + a1 (− sin θ1, cos θ1, 0)(4.137)

+ a2 (cos θ1 cos θ2, sin θ1 cos θ2,− sin θ2)

so that for each(θ1, θ2) we get an affine map whose image is a two-plane through
u(0). Since the differential ofP is surjective at every point (as a map toR3),
the parametric version of Sard’s theorem applies. Consequently, for any compact
immersed submanifoldN ⊂ R3 the set of(θ1, θ2) for which

(4.138) P (θ1, θ2,R2)

intersectsN transversely is of full measure. In particular, we can find a plane
Π ∈ Π̃ which intersectsu(D) transversely.

After a rotation ofR3 fixing u(0) and a translation, we may suppose thatu(0) =
0 and thatΠ is given byy1 = 0. The fact thatΠ andu(D) intersect transversely
implies that

(4.139) ∇u(D)y1 6= 0 ,

and hence the nodal set{y1 = 0}∩u(D) is a collection of compact immersed arcs.
Let γ̃ denote the connected component of{y1 = 0} ∩ u(D) which containsu(0).
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We can write

(4.140) γ̃ =
⋃̀
j=1

γj ,

where eachγj is a compact immersed curve which is either closed or has two
endpoints. Suppose thatu(0) ∈ γ1 and hence0 ∈ u−1(γ1) ⊂ {u1 = 0}.

Moreover, (4.136) and (4.139) imply thatu−1(γ1) is a connected curve which
is smooth away from0. Since0 is a branch point of orderd ≥ 2, we have the
description (4.114) foru. Therefore, in a neighborhood of0, u−1(γ1) is the union
of 2d disjoint arcs.

Next, we claim that these2d arcs can never intersect again. If any two did, then
we would have a bounded nodal domain for the harmonic functionu1. In that case,
u1 would have to be identically zero by the maximum principle implying thatu(D)
would be contained in the plane{y1 = 0}. Therefore these2d arcs stay disjoint to
the boundary. Each of these arcs begins at0 and ends in∂D (here we used Lemma
4.41 again). The2d endpoints of these curves in∂D are mapped byu into the2
endpoints ofγ1. We conclude that two distinct arcsα1 andα2 satisfy

(4.141) u(αi(0)) = u(0) andu(α1(1)) = u(α2(1)) ,

whereu(α1(1)) ∈ ∂u(D). Let σ denote the portion of∂D betweenα1(1) and
α2(1). Since the mapu is monotone on the boundary and the curveu(∂D) is
embedded,u−1(u(α1(1))) is connected and henceu(σ) = u(α1(1)). Therefore,
the maximum principle implies thatu1 vanishes on the domain bounded byα1, α2,
andσ. By unique continuation,u1 vanishes identically onD, giving the desired
contradiction.

4.9 Embedded Solutions of the Plateau Problem

In this section, we will see that in certain cases the solution to the Plateau problem
must be embedded. Following Meeks and Yau, we will see that if the boundary
curve is embedded and lies on the boundary of a smooth convex set (and it is null-
homotopic in this convex set), then the minimizing solution is embedded. In the
previous section, we saw that the solution had to be immersed in this case. Note
that some restriction on the boundary curve is certainly necessary to prove such
an embeddedness theorem. For instance, if the boundary curve was knotted (for
instance, the trefoil), then it could not be spanned by any embedded disk (minimal
or otherwise).

Theorem 4.43 (Meeks-Yau [MeY1]) LetM3 be a compact Riemannian three-
manifold whose boundary is mean convex and letγ be a simple closed curve in∂M
which is null-homotopic inM ; thenγ is bounded by a least area disk and any such
least area disk is properly embedded.

Theorem 4.43 is contained in their results (see [MeY1] and [MeY2] and refer-
ences therein for additional results).
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We will consider the special case of the above theorem whereM is a compact
mean convex region inR3.

Theorem 4.44 (Meeks-Yau [MeY1]) LetΩ be a bounded mean convex region
in R3 with smooth boundary andΓ ⊂ ∂Ω a C1 simple closed curve. IfΓ is null
homotopic inΩ, then the solutionu : D → Ω of the Plateau problem is a proper
embedding.

Note that Rado’s theorem, Theorem 4.29, can be viewed as a special case of
Theorem 4.44. In this case, the boundary curve is on the boundary of a convex
cylinder. In general, a curve is said to be extremal if it lies on the boundary of its
convex hull. Prior to the work of Meeks and Yau, embeddedness was known for
extremal boundary curves inR3 with small total curvature by the work of Gulliver
and J. Spruck [GuSp]. Subsequently, Almgren and Simon [AmSi] and Tomi and
A. J. Tromba [ToTr] proved the existence of some embedded solution for extremal
boundary curves inR3 (but not necessarily for the Douglas-Rado solution produced
in Section 4.3).

By the results of the previous sections, there exists a solutionu to the Plateau
problem which is a smooth proper immersion such that its restriction to∂D is an
embedding. For the remainder of this section,u will always be assumed to have
these properties.

The following lemma shows thatu is an embedding in a neighborhood of the
boundary:

Lemma 4.45 With u as above there exists someδ, δ̄ > 0 such thatu : D \
D1−δ → Ω is an embedding andu(D) is embedded in āδ neighborhood of∂Ω.

PROOF: We will show thatu(w1) 6= u(w2) for anyw1, w2 inD\D1−δ so long
asδ is sufficiently small.

Sinceu is an immersion and isC1 on D̄, there is anε0 > 0 such that

(4.142) u(Dε0(z0) ∩D)

is an embedded surface for anyz0 ∈ D. Consequently, we may assume that|w1 −
w2| > ε0.

Sinceu isC1 on D̄, there is a constantC0 such that for anyz1, z2 ∈ D̄

(4.143) |u(z1)− u(z2)| ≤ C0 |z1 − z2| .

The fact thatu restricted to∂D is a C1 embedding implies that there is some
constantC1 > 0 such that for anyz1, z2 ∈ ∂D

(4.144) C1 |z1 − z2| ≤ |u(z1)− u(z2)| .

Choosez1, z2 ∈ ∂D with |wi − zi| ≤ δ. By the triangle inequality together with
(4.143) and (4.144),

|u(w1)− u(w2)| ≥ |u(z1)− u(z2)| − 2C0 δ ≥ C1 |z1 − z2| − 2C0 δ(4.145)

≥ C1 (ε0 − 2δ)− 2C0 δ .
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Equation (4.145) implies that the restriction ofu toD \D1−δ is an embedding so
long asδ < C1 ε0/(2(C0 + C1)).

By Lemma 4.41 of the previous section, ifv = f ◦ρ◦u wheref(t) = 2 a t− t2
for somea > 0 andρ is the distance to∂Ω, thenv is superharmonic ifv(z) ≤ δ0
for someδ0 > 0 and there existsβ > 0 such that for allz ∈ ∂D

(4.146)
∂v

∂n
(z) > β .

Sinceu is C1 on D̄, there existsδ3 > 0 so that (4.146) holds if|z| > 1 − δ3.
Therefore, there existδ1, δ2 > 0 andU ⊂ D so thatD1−δ1 ⊂ U andv(∂U) =
δ2 < δ0. As in the previous section, the maximum principle implies thatv(U) ≥
δ2. Therefore, there is somēδ > 0 such that

(4.147) u−1({x ∈ Ω | dist(x, ∂Ω) < δ̄}) ⊂ D \D1−δ .

The second claim now follows from the first.

Recall that for a pointx ∈ Ω the density ofu(D) atx is given by

(4.148) Θx = lim
s→0

Vol(Bs(x) ∩ u(D))
π s2

.

If x ∈ u(D), then (sinceu(D) is an immersed submanifold) in any sufficiently
small ball,Bε(x), we have thatBε(x)∩u(D) consists of (possibly several) minimal
surfaces intersecting atx. By monotonicity, as in Corollaries 1.9 and 1.10, we see
thatΘx is equal to the number of preimages ofx. That is,

(4.149) Θx =
∣∣u−1(x)

∣∣ .
Clearly, ifx /∈ u(D), thenΘx = 0. In either case, (4.149) holds.

Consequently, the set of double pointsD is the set ofx ∈ Ω with

(4.150) Θx ≥ 2 .

By (4.149),D is the smallest set such thatu(D) \ D is embedded. Lemma 4.45
implies that

(4.151) D ⊂ {x ∈ Ω | dist(x, ∂Ω) ≥ δ̄} .

Using monotonicity, Proposition 1.8, and Lemma 4.45, (4.149) yields a quan-
titative form of Lemma 4.39. Namely, there existsC2 = C2(Vol(u(D)), δ̄) < ∞
such that each point inu(D) has muliplicity at mostC2.

Lemma 4.46 Withu as above, the set of double pointsD ⊂ u(D) is compact.

PROOF: Lemma 4.45 shows thatD is contained in the interior ofu(D) so we
can apply monotonicity tou(D) in a neighborhood of each point ofD.

By Corollary 1.10, the density is upper semicontinuous andD is closed. Since
it is also bounded,D is compact.
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Using the local description of a solution to an elliptic equation, we will show
that the set of nontransverse self-intersections,D̃ ⊂ D, is a finite set of points. By
definition,x is in D̃ if and only if there are pointsz1 6= z2 in u−1(x) with neigh-
borhoodsV1 of z1 andV2 of z2 such thatu(V1) andu(V2) intersect tangentially at
x. Furthermore, we may suppose that eachu(Vi) is a graph of a functionφi over a
ballBε in its tangent plane atx.

We can now apply Lemma 4.32 to get an asymptotic expansion forΦ = φ1−φ2

(which is not identically zero by unique continuation). Namely, there exists an
integern ≥ 2 and an asymptotic expansion

(4.152) Φ(z) = Re c zn + ρ(z) ,

wherec 6= 0 and

(4.153) |ρ(z)|+ |z| |∇ρ(z)| ≤ C|z|n+α ,

for someα > 0. It follows immediately from a slight variation of Lemma 4.28 that
u(V1) ∩ u(V2) is homeomorphic to2n arcs meeting atx.

Lemma 4.47 Withu andD as above, let̃D ⊂ D denote the set of double points
with a nontransverse self-intersection; thenD̃ is a finite set of points.

PROOF: Suppose thatx ∈ D̃ with u−1(x) = {z1, . . . , zk} ⊂ D. We will argue
for the case in which all of the nontransverse sheets have the same tangent plane.
The modifications for the general case are clear.

Sinceu is aC1 immersion, there are neighborhoodsVi of zi such thatu(Vi) is
graphical overPi, wherePi is the tangent plane tou(Vi) atx for eachi = 1, . . . , k.

Sinceu is proper, there exists someε0 > 0 such that

(4.154) u−1(Bε0(x)) ⊂
k⋃
j=1

Vj .

By the definition ofD̃, we may suppose thatP1, . . . , P` all agree up to orien-
tation and there is a definite separation between±P1 andP`+1, . . . , Pk. There-
fore, there is someε1 > 0 such that for anyj0 ≤ ` < j1, Bε1(x) ∩ u(Vj0) and
Bε1(x) ∩ u(Vj1) intersect transversely.

Finally, the discussion preceding the lemma gives someεj0,j1 > 0 for eachj0 6=
j1 ≤ ` so thatBεj0,j1

(x) ∩ u(Vj0) andBεj0,j1
(x) ∩ u(Vj1) intersect transversely

away fromx. If we now letε > 0 be the minimum ofε0, ε1, and all of theεj0,j1 ,
then

(4.155) Bε(x) ∩ D̃ = {x}

and hencẽD is an isolated set of points.
It remains to show that̃D is compact. To see this, suppose thatxj ∈ D̃ and let

zij ∈ u−1(xj) for i = 1, 2 be the points whose neighborhoods intersect tangentially
atxj . Sinceu is aC1 immersion, there is anε0 > 0 such that

(4.156) |z1
j − z2

j | ≥ ε0 .
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By Lemma 4.45, thezij are compactly contained inΩ and hence have limit points
z1, z2 ∈ D which also satisfy (4.156) (and hencez1 6= z2).

Sinceu is C1, the fact thatu(z1
j ) = u(z2

j ) and|N(z1
j )| = |N(z1

j )| for eachj

implies thatu(z1) = u(z2) and|N(z1)| = |N(z1)|, and thusu(z1) = u(z2) ∈ D̃
sincez1 6= z2. The fact thatz1

j → z1 andu is continuous implies thatxj → u(z1)
and hencẽD is compact.

By the previous lemma, it follows thatD is a collection of compact immersed
curves which branch at the finite set of pointsD̃.

Corollary 4.48 Withu andD as above, we can write

(4.157) D =
n⋃
j=1

ηj ,

where eachηj is a compact immersed curve.

PROOF: The implicit function theorem implies thatD \ D̃ is a union ofC1

immersed curves. Therefore, since Lemma 4.47 gives thatD̃ is a finite set of points
and Lemma 4.46 gives thatD is compact, the corollary follows.

The final preliminary that we will need is the notion of a folding curve used by
Meeks and Yau.

Definition 4.49 Let f : Dr → R3 be a Lipschitz map such that the restriction of
f to eitherx1 ≥ 0 or x1 ≤ 0 is aC1 immersion up to the boundary. If for eachx2

either of the following two possibilities occcurs, then we say thatf has afolding
curvealong thex2-axis:

First, the plane spanned byfx2(0, x2) andlimx1→0+ fx1(x1, x2) is transverse
to the plane spanned byfx2(0, x2) andlimx1→0− fx1(x1, x2). Second, the vector
limx1→0− fx1(x1, x2) is a negative multiple oflimx1→0+ fx1(x1, x2).

The main point of folding curves is that they cannot arise in least area maps, as
is shown by the following lemma:

Lemma 4.50 If f is a Lipschitz and piecewiseC1 map from a diskD into R3

which has a folding curve, then there is a piecewiseC1 Lipschitz variation vector
fieldW which is area decreasing. In particular,f cannot be area-minimizing.

PROOF: Supposef is least area. Then it has zero mean curvature where it
is an immersion. The definition of folding curve allows us to construct an area
decreasing variation vector fieldW along the fold.

Sincef is Lipschitz onD and the restriction off to either{x1 ≥ 0} or {x1 ≤
0} is aC1 immersion up to the boundary,fx2 is well-defined everywhere. On the
other hand, the angle betweenlimx1→0+ fx1(x1, x2) andlimx1→0− −fx1(x1, x2)
is less thanπ. Consequently, we can choose a compactly supported Lipschitz vector
fieldW which is piecewiseC1 such that on the one hand

(4.158) lim
x1→0+

〈W (f(x1, x2)), fx1(x1, x2)〉 > 0 ,
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but on the other hand

(4.159) lim
x1→0−

〈W (f(x1, x2)),−fx1(x1, x2)〉 > 0 ,

and finally

(4.160) 〈W (f(0, x2)), fx2〉 = 0 .

It follows immediately that, if we takeW as the variation vector field, then the first
variation of area is negative.

The analog of Lemma 4.50 in one dimension less is: Given a piecewiseC1

curveγ with an interior discontinuity of the tangentγ′, then there is one-parameter
deformation which fixes the endpoints but decreases the length. It follows imme-
diately that a minimizing geodesic between two points in a complete Riemannian
manifold cannot have such a “fold.”

We will first discuss how to use the notion of folding curves to prove the em-
beddedness result in the special case whereu(D) intersects itself transversely. The
proof in the general case will combine these ideas with a perturbation argument.

The next result that we need is a purely topological result for self-transverse
maps from the disk. Suppose thatv : D → R3 is aC1 proper immersion (not
necessarily minimal) in general position such that the restriction ofv to ∂D is an
embedding.

We can still define the set of double points in the obvious way (namely points
with more than one preimage). Sincev is in general position, the image ofv inter-
sects itself transversely along a finite unionD of immersed curves. LetU1, . . . , Un
denote the connected components ofD \v−1(D) so that the restriction ofv to each
Uj is an embedding.

The diskD is given by the disjoint union of the closures of theUj together
with a series of identifications of the boundaries∂Uj . These identifications are
compatible withv in the sense thatv has the same value at any two points which
are identified.

The point of Proposition 4.52 below is that there is another way of identifying
the boundaries of the∂Uj to constructD in this manner which is compatible withv
and such thatv is now a piecewiseC1 embedding which fails to beC1 atD. After
doing this, the new map has self-intersections alongD but does not cross itself. By
doing this, we have introduced folding curves alongD. The following example in
one dimension less illustrates this:

Example 4.51 Let v : [−π, π] → R2 be given by

(4.161) v(t) = (2 t/π − sin t, cos t) .

Then the double set is given by(0, 0), its inverse image is{−π
2 ,

π
2 }, and we have

U1 = (−π,−π
2 ), U2 = (−π

2 ,
π
2 ), andU3 = (π2 , π). Initially, [−π, π] is given by

taking the union of the (relative) closures of theUi and identifying−π
2 ∈ U1 with

−π
2 ∈ U2 and π2 ∈ U2 with π

2 ∈ U3.
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On the other hand, we can also construct the interval[−π, π] by identifying
−π

2 ∈ U1 with π
2 ∈ U2 and−π

2 ∈ U2 with π
2 ∈ U3. With this identification,v

is still continuous sincev(−π
2 ) = v(π2 ) (this is what we mean by saying that the

identification is compatible withv). By construction, the image ofv is the same.
Clearlyv is no longerC1 across−π

2 and π2 . However, the image ofv does not
cross itself although it does still have a self-intersection at a singular point (this
is what we mean by saying thatv is a piecewiseC1 embedding). We can now
deform v to an embedding by making an arbitrarily smallC0 deformation in a
neighborhood of(0, 0). This operation, which is known as “rounding off”, will
reduce the length of the image ofv.

We shall need the following topological proposition. See Freedman [Fr] for
the proof which uses the tower construction from topology. This construction goes
back to Papakyriakopolous [Pa].

Proposition 4.52 Suppose thatv : D → R3 is aC1 proper immersion in gen-
eral position such that the restriction ofv to ∂D is an embedding. IfD is the
set of double points as above, letU1, . . . , Un denote the connected components
of D \ v−1(D). By constructing appropriate identifications compatible withv,
we can form a new diskD′ = ∪nj=1U j with the following properties. The map

w : D′ → R3 given byw|Ui
= v|Ui

is a Lipschitz continuous piecewiseC1 embed-
ding. The mapsw andv have the same image and agree on∂D = ∂D′. Finally,w
is arbitrarily close inC0 to an embedding, and each component of∂Ui \ ∂D is a
folding curve.

The proof of Theorem 4.44 in the case whereu(D) is self-transverse is now
clear. Namely, we use Proposition 4.52 to produce a folding curve for a map with
the same area and boundary values. Lemma 4.50 implies that this new map is not
area-minimizing and, hence, neither wasu. This contradiction implies thatu must
have been an embedding in the first place.

Using ideas of Freedman [Fr] and Freedman-Hass-Scott [FrHaSc], we can ob-
tain the general case by combining the above approach with a perturbation argu-
ment.

Lemma 4.53 With u andD as above, there existε > 0 andx1 ∈ D such that
Bε(x1) ∩ D has only transverse self-intersections.

PROOF: This follows immediately since the nontransverse self-intersections
are isolated.

Before continuing, we will recall the local description of immersed minimal
surfaces near points of self-intersection. This result is a direct consequence of
the analytic results on nodal and critical sets of elliptic equations (similar to the
arguments in Section 4.6).

Lemma 4.54 (Freedman, Hass, and Scott [FrHaSc])LetU ⊂ D be a neigh-
borhood of0, u1, u2 be smooth functions onU , and suppose thatv = u1−u2 satis-
fiesv = cRe zd + q(x) wherec 6= 0 andq satisfies(4.74). Leth : U → V be aC1
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diffeomorphism whereV ⊂ D is a neighborhood of0 such thatcRe zd(h(x)) =
v(x) for x ∈ U .

Let r > 0 be such thatDr ⊂ U andψ be a smooth function onU with support
in Dr such thatψ(x) = 1 for |x| ≤ r

2 . For t > 0 setut(x) = u1(x) + t ψ(x);
then there existst0 > 0 such that for0 < t ≤ t0 the graphs ofut andu2 meet
transversely.

Remark 4.55 Notice that since the intersection is not changed above∂Dr, the
new curves of intersection have the same endpoints as the original (singular) curves.

We are now prepared to prove the main result of this section.

PROOF OFTHEOREM 4.44 Thus far, we have shown that the solutionu : D →
Ω of the Plateau problem is a proper smooth immersion which is an embedding in
a neighborhood of the boundary. It remains to show that the set of double pointsD
is empty. We will assume thatD 6= ∅ and obtain a contradiction from this.

By Lemma 4.53, there existε1 > 0 andx1 ∈ D such thatBε1(x1)∩D has only
transverse self-intersections. It follows from Corollary 4.48 that are only finitely
many possible cut-and-paste operations (as in Proposition 4.52) to makeBε1(x1)∩
u(D) embedded. By Lemma 4.50, each of these cut-and-paste operations reduces
the area ofu(D) by at least someε2 > 0 (by perturbing along the resulting folding
curves).

Lemma 4.45 implies that there is someδ > 0 such thatu(D1−δ) ∩ D = ∅.
Consequently, the local description, Lemma 4.54, allows us to perturb the mapu in

(4.162) D1−δ \ u−1(Bε1(x1))

by an arbitrarily small amount to produce a new mapũwhich is in general position.
In particular, we may assume that

(4.163) Area(ũ(D)) < Area(u(D)) +
ε2
2
.

By Proposition 4.52, we may cut-and-pasteD to obtain a new diskD′ such that
the identifications are compatible with̃u. The piecewise smooth embeddingw :
D′ → Ω has the same image, and thus the same area, asũ and these maps agree on
the boundary. Since these images agree, the identifications made inu−1(Bε1(x1))
must be among those listed above. In particular, by perturbing along one of the
resulting folding curves inBε1(x1) we may reduce the area ofw(D′) by at least
ε2. Together with (4.163) this contradicts the minimality ofArea(u(D)), and the
proof is complete.



5

Minimal Surfaces in Three-Manifolds

In this chapter, the last of these notes, we discuss the theory of minimal surfaces
in three-manifolds. We begin by explaining how to extend the earlier results to
this case (in particular, monotonicity, the strong maximum principle, and some of
the other basic estimates for minimal surfaces). Next, we prove the compactness
theorem of Choi and Schoen for embedded minimal surfaces in three-manifolds
with positive Ricci curvature. An important point for this compactness result is
that, by results of Choi-Wang and Yang-Yau, such minimal surfaces have uniform
area bounds. The next section surveys recent results of [CM3], [CM8], [CM9], and
[CM6] on compactness and convergence of minimal surfaces without area bounds.
Finally, in the last section, we mention an application (from [CM7]) of the ideas of
[CM8] to the study of complete minimal surfaces inR3.

5.1 The Minimal Surface Equation in a Three-Manifold

In this section, we will first describe the modifications necessary to discuss minimal
surfaces in general Riemannian three-manifolds. The local picture is very similar to
that of minimal surfaces inR3. In fact, many regularity results for minimal surfaces
in arbitrary three-manifolds can be reduced to the corresponding global result inR3

by means of a rescaling argument.
In the following,Mn will denote a completen-dimensional Riemannian mani-

fold with sectional curvature bounded byk (i.e., |KM | ≤ k) and injectivity radius
bounded below byi0 > 0. We will usually taken = 3.

In order to establish the necessary local results relating curvature and area for
minimal surfaces, we shall need to recall some preliminary geometric facts. The
standard Hessian comparison theorem implies the following:

Lemma 5.1 For r < min{i0, 1√
k
} and any vectorX with |X| = 1

(5.1)

∣∣∣∣Hessr(X,X)− 1
r
〈X − 〈X,Dr〉Dr,X − 〈X,Dr〉Dr〉

∣∣∣∣ ≤ √
k .
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PROOF: The Hessian of the distance function vanishes in the radial direction.
By the Hessian comparison theorem, the remaining eigenvalues of the Hessian are
bounded above and below by

√
k coth

√
k r and

√
k cot

√
k r, respectively. Using

this, the bound (5.1) follows from elementary inequalities.

Let x ∈ Σ2 ⊂ M3 with Σ minimal. WhenM is Rn, the minimality ofΣ
implies that

(5.2) ∆r2 = 4 .

This fact is the key to proving the monotonicity formula for minimal surfaces, i.e.,
Proposition 1.8. In the general case, using minimality and (5.1), we get that

(5.3)
∣∣∆r2 − 4

∣∣ ≤ 4
√
k r

for r < min{i0, 1√
k
}. Applying the coarea formula (i.e., (1.40)) and using Stokes’

theorem gives

(5.4) s
d

ds
Area(Bs ∩ Σ) =

∫
∂Bs∩Σ

r

|∇r|
≥ 1

2

∫
Bs∩Σ

∆r2 .

Combining (5.3) and (5.4) implies that fors < min{i0, 1√
k
}

(5.5)
d

ds

(
e2
√
k s s−2 Area(Bs ∩ Σ)

)
≥ 0 .

We could argue similarly, as in Proposition 1.11, to obtain a mean value inequality
for minimal surfaces in a three-manifold.

WhenM = R3, the Gauss map of a minimal surface is conformal. More
generally, the Gauss equation and minimality together imply that

(5.6) KΣ = KM − 1
2
|A|2 ,

so that

(5.7) |A|2 ≤ 2 k − 2KΣ .

In particular, (5.6) implies that the Gauss map is quasi-conformal. A mapF :
(M1, g1) → (M2, g2) is said to bequasi-conformalif there exists a constantΛ <
∞ such that for allx ∈M1 the ratio of the maximum and minimum eigenvalues of
F ∗g2 are bounded byΛ. Note that a conformal map is necessarily quasi-conformal
(with Λ = 1).

In the remainder of this section, we will work in local coordinates(x1, x2, x3)
with a metricgij onM . Setei equal to the vector field∂∂xi

so that〈ei, ej〉 = gij .
We will useΓnij to denote the Christoffel symbols of the corresponding Riemannian
connection.
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Suppose thatu : Ω ⊂ R2 → R is aC2 function and consider the graph of the
functionu

(5.8) Σ = Graphu = {(x1, x2, u(x1, x2)) | (x1, x2) ∈ Ω} .

We will first derive the minimal surface equation forΣ in these coordinates. In
order to do this, we need to express the mean curvature ofΣ in terms ofu.

For i = 1, 2 we define vector fieldsEi and linear mapsTni by

(5.9) Ei = ei + uxi
e3 ≡ Tni en ,

so that(E1, E2) give a basis for the tangent space toΣ. Lethij = 〈Ei, Ej〉 denote
the induced metric onΣ. It is convenient to defineW by

(5.10) W 2 = 1 + gijuxi
uxj

.

If N denotes the upward pointing unit normal toΣ, then〈N,Ei〉 = 0. Therefore,
for i = 1, 2

(5.11) 〈N, ei〉 = −uxi

W

and

(5.12) 〈N, e3〉 =
1
W

.

The mean curvature is given by

(5.13) hij 〈N,∇EiEj〉 .

Using (5.9), we compute that

(5.14) hij = gij −W−2gingjluxn
uxl

and

∇Ei
Ej = Tni ∇en

T ljel = Tni T
l
j∇en

el +
(
Tni ∇en

T lj
)
el(5.15)

= Tni T
l
jΓ

m
nlem + Ei(T lj) el = Tni T

l
jΓ

m
nlem + uxixj

e3 .

Combining (5.11), (5.12), and (5.15), we get

(5.16) 〈N,∇Ei
Ej〉 = − 1

W

2∑
m=1

(
uxmT

n
i T

l
jΓ

m
nl

)
+

1
W

(
uxixj + Tni T

l
jΓ

3
nl

)
.

Multiplying through byW andhij , we get the minimal surface equation

(5.17) 0 = hij
(
uxixj

+ Tni T
l
jΓ

3
nl

)
−

2∑
m=1

(
uxm

hijTni T
l
jΓ

m
nl

)
.
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Substituting in the definition ofTni = δni + uxi δ
n
3 , we can write

Tni T
l
jΓ

m
nl = (δni + uxi δ

n
3 ) (δlj + uxj

δl3) Γmnl(5.18)

= Γmij + uxi
Γm3j + uxj

Γmi3 + uxi
uxj

Γm33 .

Substituting in (5.18) into (5.17),

0 = hij
(
uxixj + Γ3

ij + uxiΓ
3
3j + uxj Γ

3
i3 + uxiuxj Γ

3
33

)
(5.19)

−
2∑

m=1

uxmh
ij
(
Γmij + uxiΓ

m
3j + uxj Γ

m
i3 + uxiuxj Γ

m
33

)
.

We next use this to define a functionF : R9 → R given by

F (x1, x2, u, p1, p2, pij) = hij
(
pij + Γ3

ij + piΓ3
3j + pjΓ3

i3 + pipjΓ3
33

)(5.20)

−
2∑

m=1

pmh
ij
(
Γmij + piΓm3j + pjΓmi3 + pipjΓm33

)
,

whereΓnij = Γnij(x1, x2, u) andhij is the inverse matrix to
(5.21)
hij = gij(x1, x2, u) + pigj3(x1, x2, u) + pjg3i(x1, x2, u) + pipjg33(x1, x2, u) .

By construction, ifu is a solution to the minimal surface equation, then

(5.22) F (x1, x2, u, ux1 , ux2 , uxixj
) = 0 .

If ∇u is bounded, then (5.22) is uniformly elliptic. We conclude that if|∇u| is
bounded then we getC2,α estimates foru in terms of the maximum of|u|.

We will give two further implications of the form of (5.22), first a removable
singularities result and then a local description for the intersection of two minimal
surfaces.

The following removable singularities result is far from optimal. In fact, results
on removable singularities are much stronger for the minimal surface equation than
for linear elliptic equations (see, for instance, chapter10 of [Os2]). However, this
result will suffice for our later applications.

Lemma 5.2 Letu be aC1 function onB1 ⊂ R2 with

(5.23) |u|+ |∇u| ≤ C onB1 .

If u is aC2(B1 \ {0}) solution to the minimal surface equation, thenu is a smooth
solution on all ofB1.

PROOF: The assumption (5.23) implies that the minimal surface equation is
uniformly elliptic with bounded coefficients. Writing this equation in divergence
form, the uniform gradient bound (5.23) and the fact thatu is aC2 solution away
from0 imply thatu is anH1 weak solution on all ofB1. Elliptic estimates (theorem
8.8 of [GiTr]) imply thatu is inH2(B1) so that|∇u| ∈ H1(B1).
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Suppose now thatu andv are both smooth solutions to (5.22). Letw = v − u
and for0 ≤ s ≤ 1 define

(5.24) G(x1, x2, s) = F (x1, x2, u+sw, (u+sw)x1 , (u+sw)x2 , (u+sw)xixj ) .

By the fundamental theorem of calculus and the chain rule,

0 = G(x1, x2, 1)−G(x1, x2, 0) =
∫ 1

s=0

d

ds
G(x1, x2, s) ds(5.25)

=
∫ 1

s=0

Fu w + Fpi
wxi

+ Fpij
wxixj

ds ,

where each partial derivative ofF is evaluated at

(5.26) (x1, x2, u+ sw, ux1 + swx1 , ux2 + swx2 , uxixj + swxixj ) .

In particular, (5.25) shows thatw itself satisfies a partial differential equation where
the coefficients are integrals of partials derivatives ofF .

This description of the minimal surface equation allows us to apply Bers’ theo-
rem, i.e., Theorem 4.27, to decribe the intersections of minimal surfaces in a three-
manifold.

Theorem 5.3 (Local Description for the Intersections of Minimal Surfaces)
Suppose thatΣ2

1,Σ
2
2 ⊂ M3 are smooth connected immersed minimal surfaces

that do not coincide on an open set. ThenΣ1 andΣ2 intersect transversely except
at an isolated set of pointsD. Giveny ∈ D there exists an integerd ≥ 2 and a
neighborhoody ∈ U where the intersection consists of2d embedded arcs meeting
at y.

PROOF: We may assume thaty ∈ D is a point of nontransverse intersection.
Choose coordinates such thaty = (0, 0, 0). We may suppose thatΣ1 andΣ2 are
graphs of functionsu andv over their common tangent plane at(0, 0, 0). We have
thatu, v, uxi

, vxi
all vanish at(0, 0). Definew to beu− v.

First, we show thatw satisfies a uniformly elliptic differential equation with
smooth coefficients

(5.27) aijwxixj
+ biwxi

+ cw = 0 .

Since we are interested in local properties, we may assume thatu, v, and their
derivatives are uniformly bounded. It follows immediately that the coefficients
in (5.25) are smooth and bounded and thataij is symmetric. In order to check
ellipticity, we need to compute

(5.28) aij =
∫ 1

s=0

Fpij
(x1, x2, u+sw, (u+sw)x1 , (u+sw)x2 , (u+sw)xixj

) ds .

By the mean value theorem (of calculus), for each(x1, x2) there exists some0 ≤
t ≤ 1 such that iff = u+ tw then

(5.29) aij(x1, x2) = Fpij
(x1, x2, f, fx1 , fx2 , fxixj

) .
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It is easy to see thatFpij = hij , wherehij is the inverse matrix to

(5.30) hij = gij + fxi
gj3 + fxj

g3i + fxi
fxj

g33

and wheregnl = gnl(x1, x2, f(x1, x2)). Clearly,hij is uniformly elliptic if and
onlyhij is. Finally, sincegij is uniformly elliptic by definition and we may assume
thatfxi is arbitrarily small, we may conclude thataij is uniformly elliptic in some
neighborhoodU ⊂ R2. Sincew satisfies (5.27), Theorem 4.27 implies that eitherw
vanishes identically or there exists a linear transformationT such that after rotating
by T we can write

(5.31) w(x1, x2) = pd(x1, x2) + q(x1, x2) ,

wherepd is a homogeneous harmonic polynomial of degreed <∞ and

(5.32) |q(x)|+ |x| |∇q(x)|+ · · ·+ |x|d |∇dq(x)| ≤ C|x|d+1 .

In particular, this implies that the points of nontransverse intersection are isolated.
Finally, it follows immediately from a slight variation of Lemma 4.28 thatu(U) ∩
v(U) is homeomorphic to2d arcs meeting atx.

Theorem 5.3 and its variation in the case whereΣi is branched (cf. Theorem
4.33), can be used to extend the results of Chapter 4 to minimal surfaces in a three-
manifoldM3.

As an application of Theorem 5.3, we will prove a result of J. Hass on minimal
surfaces in three-manifolds with minimal foliations.

Before we explain this result we will need the definition of a lamination (cf., for
instance, chapter 8 of W. P. Thurston [Th] or D. Gabai [Ga]).

Definition 5.4 (Lamination) A codimension onelaminationof M3 is a col-
lectionL of disjoint smooth connected surfaces (called leaves) such that∪Λ∈LΛ is
closed. Moreover, for eachx ∈M there exists an open neighborhoodU of x and a
local coordinate chart,(U,Φ), with Φ(U) ⊂ R3 such that in these coordinates the
leaves inL pass through the chart in slices of the form(R2 × {t}) ∩ Φ(U).

A foliation is a lamination for which the union of the leaves is all ofM . The
foliation is said to beorientedif the leaves are oriented.

Theorem 5.5 (J. Hass [Ha]) If M3 has an oriented codimension one folia-
tion with minimal leaves none of which are compact, thenM does not contain an
immersed minimalS2.

PROOF: We will suppose that an immersed minimal sphereΣ ⊂ M exists and
deduce a contradiction. Since none of the leaves are compact,Σ is not contained
in a leaf. Therefore, Theorem 5.3 implies that ifp ∈ Σ with p ∈ Λ ∈ L has
TpΣ = TpΛ, then there is a neighborhoodp ∈ U where they intersect transversely
in U \ {p}. In particular, the restriction of the foliation toΣ gives rise to a singular
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foliation whose vector field vanishes at isolated points (of nontransverse intersec-
tion). Applying Theorem 5.3, we see that the index of the zeros of the vector field
is negative at each zero. The Poincaré-Hopf formula implies that the sum of these
indices is the Euler characteristic ofΣ (which is two). This gives a contradiction,
and the theorem follows.

Clearly, variations of this argument can be applied more generally to give simi-
lar results. Furthermore, certain topological assumptions onM3 make it possible to
prove that a minimal immersed sphere must exist. For instance, J. Sacks and K. Uh-
lenbeck proved in [SaUh] the existence of an immersed minimalS2 if π2(M) 6= 0.
Their ideas also apply to give more general existence results for immersed spheres.
Using a completely different approach F. Smith proved in [Sm] thatS3 (with an
arbitrary metric) always admits an embedded minimalS2. In these cases, Theorem
5.5 implies that every minimal foliation ofM has compact leaves (see [Ha] for
more in this direction).

5.2 Compactness Theorems with A Priori Bounds

In this section, we will prove the following compactness theorem of Choi-Schoen
[CiSc]:

Theorem 5.6 (Choi-Schoen [CiSc]) The space of closed embedded minimal
surfaces of genusg in a smooth closed three-manifoldM3 with positive Ricci cur-
vature is compact in the smooth topology.

The proof of this result uses the positivity of the Ricci curvature to obtain an
a priori upper bound on the area of an embedded minimal surface in terms of its
genus by combining the following results of Choi-A. N. Wang and P. Yang-Yau:

Theorem 5.7 (Choi-Wang [CiWa]) If Mn hasRicM ≥ Λ > 0 and Σn−1

⊂M is a closed embedded minimal hypersurface, thenλ1(Σ) ≥ Λ
2 .

Theorem 5.8 (Yang-Yau [YgYa]) Let Σ2
g be a closed Riemann surface of

genusg; then for any metric onΣ, we have

(5.33) λ1 ≤
8π(1 + g)
Area (Σg)

.

By combining Theorem 5.7 with the earlier Theorem 5.8, Choi and Wang ob-
tained the following corollary:

Corollary 5.9 (Choi-Wang [CiWa]) If M3 hasRicM ≥ Λ > 0 andΣ2
g ⊂ M

is a closed embedded minimal surface with genusg, then

(5.34) Area (Σg) ≤
16π (1 + g)

Λ
.
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Integrating (5.7) and applying the Gauss-Bonnet formula, we get

(5.35)
∫

Σ

|A|2 ≤ 2 k Area (Σg) + 8π (g − 1) ≤ 32π k (1 + g)
Λ

+ 8π (g − 1) ,

where the second inequality follows from (5.34). The importance of (5.34) and
(5.35) is that the area and total curvature ofΣ are bounded uniformly in terms of
the genus. This is essential in obtaining a smooth compactness theorem. Note
that the area bound alone is enough to give compactness in the space of integral
varifolds (see Section 3.1).

The next proposition shows how to use the bounds (5.34) and (5.35) in com-
bination with Theorem 2.3 to obtain a compactness theorem for minimal surfaces
(see [CiSc] and cf. M. T. Anderson [An] and B. White [Wh1]).

Proposition 5.10 LetM3 be a closed three-manifold andΣi ⊂ M a sequence
of closed embedded minimal surfaces of genusg with

(5.36) Area(Σi) ≤ C1

and

(5.37)
∫

Σi

|AΣi
|2 ≤ C2 .

There exists a finite set of pointsS ⊂ M and a subsequenceΣi′ that converges
uniformly in theC` topology (any` < ∞) on compact subsets ofM \ S to a
minimal surfaceΣ ⊂ M . The subsequence also converges toΣ in (extrinsic)
Hausdorff distance.Σ is smooth inM , has genus at mostg, and satisfies(5.36)
and (5.37).

PROOF: We shall give a proof wheǹ = 2 since this implies the general case
(by standard elliptic theory). Within this proof,ε = ε(M) > 0 andr0 = r0(M) >
0 will be from Theorem 2.3. Letr1 be such that, by (5.5), fors < t ≤ r1 and any
minimal surfaceΓ ⊂M , we have

(5.38)
1
2
s−2 Area(Bs ∩ Γ) ≤ t−2 Area(Bt ∩ Σ) .

In order to find the setS, we define measuresνi by

(5.39) νi(U) =
∫
U∩Σi

|Ai|2 ≤ C2 ,

whereU ⊂ M andAi = AΣi . The general compactness theorem for Radon mea-
sures, i.e., Theorem 3.2, implies that there is a subsequenceνβi which converges
weakly to a Radon measureν with

(5.40) ν(M) ≤ C2 .

For ease of notation, replaceνi with νβi
. We define the setS = {x ∈M | ν(x) ≥

ε}. It follows immediately from (5.40) thatS contains at mostC2 ε
−1 points.
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Given anyy ∈M \S we haveν(y) < ε. Sinceν is a Radon measure and hence
Borel regular, there exists some0 < 10 s < min {r0, r1} (depending ony) such
that

(5.41) ν(B10 s(y)) < ε .

Since theνi → ν, (5.41) implies that fori sufficiently large

(5.42)
∫
B10 s(y)∩Σi

|Ai|2 < ε .

This allows us to apply Theorem 2.3 uniformly to eachB10 s(y) ∩ Σi. It follows
that fori sufficiently large andz ∈ B5 s(y) ∩ Σi

(5.43) 25 s2 |Ai|2(z) ≤ 1 .

By (a slight variation of) Lemma 2.2, (5.43) implies that for eachz ∈ Bs(y)∩Σi the
connected component ofBs(z) ∩ Σi containingz is a graph overU iz ⊂ TzΣi of a
functionuzi with |∇uzi | ≤ 1 and2 s |∇2uzi | ≤ 1. The bounds on|∇uzi | and|∇2uzi |
imply thatuzi satisfies a uniformly elliptic equation with Lipschitz coefficients (cf.
(5.19)). The usual elliptic estimates (see, for instance, corollary 6.3 of [GiTr]) give
anα > 0 and uniformC2,α estimates foruzi onBs/2 ⊂ TzΣi.

By monotonicity, i.e., (5.38), each connected component ofBs(y) ∩ Σi that
intersectsBs/2(y) has area at leastπ8 s

2. Let cy denote the number of these. By
monotonicity, (5.38), and (5.36), we get

(5.44)
π

16
r21 cy ≤ C1 .

In particular, the number of connected components ofBs(y) ∩ Σi which intersect
B s

2
(y) is bounded independent of bothi andy.
Since we have a uniform estimate on the number of components together with

uniform C2,α estimates on the graphs, the Arzela-Ascoli theorem gives another
subsequenceηi which converges uniformly inBs(y) in theC2,α

2 topology. Since
we can coverM \S by countably many balls like this, a diagonal argument finishes
off the convergence to a (possibly immersed) surfaceΣ which is smooth inM \ S.
This implies also thatΣ satisfies (5.36) and (5.37). Furthermore, the uniformC2,α

2

estimates imply thatΣ satisfies the same differential equation; that is,Σ is minimal.
We may also suppose thatΣi converge as integral varifolds to a varifold sup-

ported inΣ. By the constancy theorem this must be a multiple ofΣ (theorem 41.1
of [Si4]). This convergence implies that monotonicity, i.e., (5.38), applies to the
limit Σ. Combining this with the area bound, for anyy ∈M andr < r1 we have

(5.45) r−2 Area(Br(y) ∩ Σ) ≤ 2C1 .

Monotonicity also implies that theΣi converge toΣ in Hausdorff distance. To see
this, note that if we havey ∈ Σi with dist(y,Σ) > 2δ, then monotonicity implies
thatBδ(y) ∩ Σi has area at leastC ′ δ2. Since varifold convergence implies that
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the area measures converge, we see that theΣi must converge toΣ in Hausdorff
distance.

Since eachΣi was embedded and the convergence is smooth,Σ cannot cross
itself. However, the local description of Theorem 5.3 implies then thatΣ must be
embedded.

It remains to show thatΣ ∪ S is an embedded minimal surface. In other words,
we must show that eachx ∈ S is a removable singularity ofΣ. LetA denote the
second fundamental form ofΣ, so that|A|2 is anL1 function onΣ (using (5.37)).
The monotone convergence theorem implies that

(5.46) lim
r→0

∫
Br(x)∩Σ

|A|2 = 0 .

Hence, given any0 < δ < 1 there exists some0 < rx < r0 with

(5.47)
∫
B2 rx (x)∩Σ

|A|2 < δ ε .

Applying Theorem 2.3 toΣ itself, if r < rx andz ∈ Br(x) \Br/2(x) then

(5.48) r2 |A|2(z) ≤ 4 δ .

For the moment, fixr < rx andz1 ∈ ∂B3 r/4(x). A slight variation of Lemma
2.2 and (2.36) imply that, forδ sufficiently small, the component ofBr/4(z1) ∩ Σ
containingz is a minimal graph with gradient bounded byC

√
δ over TzΣ. If

we repeat this argument for somez2 ∈ ∂B3 r/4(x) ∩ ∂Br/8(z1) in this minimal
graph, then we see that the connected component ofBr/4(z2) ∩ Σ containingz
is also a minimal graph with bounded gradient. The area bound (5.45) implies
that after iterating this argument around∂B3 r/4(x) approximatelyC1 times we
must close up. Takingδ suffiently small (depending only onC1), we see that the
connected component of

(
Br(x) \Br/2(x)

)
∩ Σ containingz1 is a graph over

a fixed tangent plane with gradient bounded byC
√
δ and Hessian bounded by

2
√
δ r−1 (see Lemma 2.2).
With δ > 0 small andrx > 0 as above, letΣx be a component ofBrx

(x) ∩ Σ
with x ∈ Σ̄x. The above discussion shows thatΣx is a minimal graph of a function
u over a fixed tangent plane with|∇u| ≤ C

√
δ. We will next see that∇u has a

limit at x. To see this, note that for anyδc > 0 we may argue as in (5.47) and (5.48)
to find some0 < rc < rx such that for anyr < rc we have forz ∈ ∂Br(x) ∩ Σx

(5.49) r2 |Hessu | ≤ 4r2 |A|2(z) ≤ 16 δc .

Integrating this around∂Br(x), and using the fact that∂Br(x) ∩ Σx is graphical
with bounded gradient, we see that

(5.50) sup
z1,z2∈∂Br(x)∩Σx

|∇u(z1)−∇u(z2)| ≤ 16π
√
δc .

It follows immediately that∇u has a limit atx. In particular,u can be extended to
aC1 solution of the minimal surface equation with uniformly small gradient. We
can now apply Lemma 5.2 to conclude thatΣx ∪ {x} is a smooth minimal surface.



5.2 COMPACTNESSTHEOREMS WITHA PRIORI BOUNDS 107

Repeating this for each element ofS, we see thatΣ ∪ S is a smooth minimal
surface which is embedded away fromS. The local description, i.e., Theorem 5.3,
then implies that it is embedded everywhere. This completes the proof.

We are now prepared to prove Theorem 5.6. Since we have area and total cur-
vature bounds in this case, Proposition 5.10 implies that any sequence of closed
embedded minimal surfaces of fixed genus will have a subsequence which con-
verges away from finitely many points to a smooth embedded minimal surface.
The main remaining point is to show that the convergence holds even across these
points. There are now several ways to do this, but we will use the lower bound on
λ1 as in the original proof of [CiSc].

PROOF OFTHEOREM 5.6 By Myers’ theorem, sinceRicM > 0, M has finite
π1 so that, after passing to a finite cover, we may suppose thatM is simply con-
nected. It suffices to show that given any sequenceΣi ⊂ M of closed embedded
minimal surfaces with genusg, there is a subsequence which converges in theC2,α

topology for someα > 0.
SinceRicM > 0, (5.34) and (5.35) hold. Hence, we can apply Proposition

5.10. Consequently, there exists a finite set of pointsS ⊂ M and a subsequence
Σi′ that converges uniformly in theC2,α topology on compact subsets ofM \ S to
a minimal surfaceΣ ⊂M . Σ is smooth and embedded inM , has genus at mostg,
and satisfies (5.34) and (5.35). SinceM is simply connected andΣ is embedded,
the normal bundle toΣ is trivial.

It remains to show that the convergence is smooth across the pointsS. We
will see that this is equivalent to showing that the convergence is multiplicity one
(this equivalence also follows from Allard’s regularity theorem). First, we will use
Theorem 5.7 to see that the convergence is multiplicity one.

Given anyε > 0, there existsi0 = i0(ε) such that for anyi > i0 we have that

(5.51) Σi \
⋃
xj∈S

Bε2(xj) =
m⋃
n=1

Σi,n ,

where eachΣi,n is a disjoint minimal graph with bounded gradient overΣ. The
facts that theΣi are embedded and that the normal bundle toΣ is trivial imply that
we may choose a top graph which we labelΣi,1.

Consequently, if the convergence is not multiplicity one, then for largei the
minimal surfaceΣi consists of large graphical pieces connected in small sets. Using
this description, we will construct a test function which is constant except near these
small sets. This will be shown to violate the lower bound onλ1.

Define a Lipschitz functionφ onΣi by

φ(x) = 1 for x ∈ Σi,1 \
⋃
xj∈S

Bε(xj) ,

φ(x) =
log distM (x, xj)− 2 log ε

log ε− 2 log ε
for x ∈ Σi,1 ∩Bε(xj) \Bε2(xj) ,
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φ(x) = 0 for x ∈ Σi,1 ∩

 ⋃
xj∈S

Bε2(xj)

 ,

φ(x) = − log distM (x, xj)− 2 log ε
log ε− 2 log ε

for n > 1 , x ∈ Σi,n ∩Bε(xj) \Bε2(xj) ,

φ(x) = −1 for n > 1 andx ∈ Σi,n \
⋃
xj∈S

Bε(xj) .

Setc =
∫
Σi
φ so thatψ = φ− c has integral zero. Clearly, we have that

(5.52) |ψ| ≥ 1 + |c| ≥ 1

on at least one of the sheets, and hence

(5.53) lim
ε→0

∫
Σi

ψ2 ≥ Area(Σ) .

On the other hand,∇ψ = ∇φ and hence the coarea formula (i.e., (1.40)) gives∫
Σi

|∇ψ|2 ≤ 1
(log ε)2

∑
xj∈S

∫
Bε(xj)\Bε2 (xj)

|∇rj |2

r2j
(5.54)

=
1

(log ε)2
∑
xj∈S

∫ ε

t=ε2

∫
{rj=t}∩Σi

|∇rj |
t2

,

whererj(x) = dist(x, xj). We can estimate this using Stokes’ theorem and mono-
tonicity to get∫

{rj=t}∩Σi

|∇rj |
t2

=
1
2
t−3

∫
Bt(xj)∩Σi

∆r2j(5.55)

≤ 3 t−2 Area(Bt(xj) ∩ Σi) ≤ 3C1 t
−1 .

Substituting (5.55) into (5.54) and integrating,

(5.56)
∫

Σi

|∇ψ|2 ≤ 3C1 |S|
1

(log ε)2

∫ ε

ε2

1
t
dt = 3C1 |S|

1
log ε

.

Therefore, takingε sufficiently small, the test functionψ violates Theorem 5.7.
This contradiction shows thatm = 1, that is, the convergence is multiplicity one.

Using this, we will get uniform curvature estimates for theΣi in a neighborhood
of eachxj . As before, combining this with the Arzela-Ascoli theorem will imply
smooth convergence even acrossS.

Givenxj ∈ S and0 < ε, sinceΣ is smooth we may choose an0 < s such that
B2s(xj)∩Σ is a minimal graph with gradient bounded byε. Fori sufficiently large
we may suppose that(B2s(xj) \Bs(xj)) ∩ Σi is the graph overΣ of a function
ui with s−1 |u| + |∇u| ≤ 2ε. Since theΣi → Σ in Hausdorff distance, fori
sufficiently large we also haveΣi contained in ans4 tubular neighborhood. Note
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that the fact that the convergence was multiplicity one was used to conclude that
this was a single graph. SinceΣi is contained in the tubular neighborhood, the
boundary ofB2s(xj)∩Σi is ∂B2s(xj)∩Σi. Using this description as a graph with
small gradient and applying Stokes’ theorem to∆Σi

r2j , we get

(5.57)
Area(B2s(xj) ∩ Σi)

4π s2
≤ 1 + C3 ε .

By monotonicity, (5.57) implies that for anyz ∈ Bs(xj) ∩ Σi we have

(5.58)
Area(Bs(z) ∩ Σi)

π s2
≤ 1 + C4 ε .

Finally, the smooth version of Allard’s regularity theorem, i.e., Theorem 2.10,
yields uniform curvature estimates forε > 0 sufficiently small, and the proof is
complete.

5.3 Convergence of Embedded Minimal Surfaces

In this section, we will discuss (without proofs) some very recent results (see
[CM3], [CM8], [CM9], and [CM6]) on convergence and compactness of embedded
minimal surfaces in three-manifolds. The emphasis here will be on the case where
there is no a priori area or total curvature bound.

Part of the motivation for studying convergence and compactness of embed-
ded minimal surfaces in three-manifolds comes from the following question whose
positive answer would have many important applications to the topology of three-
manifolds:

Question 5.11 (Pitts-Rubinstein; see problem 29 in [Ya])LetM3 be a closed
simply connected Riemannian three-manifold. Does there exist a bound for the
Morse index of all closed embedded minimal surfaces with fixed genus inM? Pitts
and Rubinstein say that if this is the case for a sufficiently large class of metrics on
all closed simply connected three-manifolds, then the famous space-form problem
may be solved affirmatively.

Thespherical space-form problem, which dates back to the nineteenth century,
asks to show that any free action of a finite group on the3-sphere is topologically
conjugate to an orthogonal action.

The results of [CiSc] (see Proposition 5.10, in particular) can be applied to
obtain bounds on the Morse index of minimal surfaces of bounded area and fixed
genus in a closed three-manifold; see the appendix of [CM6]. It follows that the key
to solving the question of Pitts-Rubinstein is to understand what happens when no
such area bound exists. Thus, the approach of [CM3], [CM8], [CM9] and [CM6]
to answering the question of Pitts-Rubinstein is to study sequences of closed em-
bedded minimal surfaces (possibly without a uniform area bound) in a fixed closed
three-manifold. In particular, given such a sequence, the approach taken there is
to extract a convergent subsequence and to study the regularity of the limit and the
convergence.
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We will briefly discuss here both the global question of convergence of closed
minimal surfaces in three-manifolds, cf. Example 5.12, and its local analog, cf.
Example 5.13.

Example 5.12 Let Σi ⊂ T 3 be a sequence of totally geodesic embedded tori
with Area Σi → ∞.

Example 5.13 Let Σi ⊂ B1 ⊂ R3 be a sequence of rescaled helicoids (see
Example 1.3).

In each example, the sequence is not compact in the classical sense. However,
by considering each minimal surfaceΣi as a Radon measureµi onB1(0) ⊂ Rn (cf.
(3.4)) and then renormalizing to get probability measures (i.e., replacingµi with
µi/µi(B1)), we obtain a sequence of Radon measures with uniformly bounded
mass which has a weak limit (see (3.3) for the definition of weak convergence
of Radon measures). In fact, the associated renormalized varifolds (see Section
3.1) may be seen to converge (although the limit is not a rectifiable varifold). In
general, if we have a sequence of surfaces, then, after renormalizing the associated
measures, we can extract a weakly convergent subsequence from Theorem 3.2.

Observe also that the second example shows that no local curvature estimate
need hold in general for embedded minimal surfaces (even without neck pinch-
ings). This is in contrast to the case of embedded minimal surfaces with uniformly
bounded area, where a neck pinching is the only way that a curvature estimate can
fail to hold.

The main result of [CM8] about convergence is stated for sequences of surfaces
called uniformly locally simply connected. There are similar results for sequences
of surfaces of fixed genus, but the assumption that the surfaces are uniformly locally
simply connected simplifies the statements. These surfaces are defined as follows:

Definition 5.14 (Uniformly Locally Simply Connected) LetMn be ann-
dimensional manifold with curvature bounded above byk and injectivity radius
bounded below byi0 > 0. We say that a sequence of surfacesΣ2

i ⊂M is uniformly
locally simply connected(or ULSC) if for someR with 0 < 2R < min{ i04 ,

π
4
√
k
}

there exists a covering ofM by balls,{BR(yj)}j , such that for eachi, j, each
connected component ofB2R(yj) ∩ Σi is simply connected.

A simple application of the maximum principle shows that a simply connected
minimal surface inRn is automatically uniformly locally simply connected. This
will be used in the next section (see also [CM7]) where we will apply the results
described here to study complete, properly embedded, minimal surfaces inR3 with
finite topology.

The main result of [CM8] about convergence is modelled on Example 5.13.
This result is the following (see the previous section for the definition of a lamina-
tion):

Theorem 5.15 (Colding-Minicozzi, Theorem 0.10 in [CM8]) Let M3 be a
closed three-dimensional manifold and letΣ2

i be a sequence of ULSC closed em-
bedded minimal surfaces inM . After going to a subsequence, there is a limit
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measureµ, a closed subset,S ⊂M , with

(5.59) µ−2(S) ≤ m <∞ ,

such thatΣi \ S converges in theCα topology for anyα < 1 to a lamination in
M \ S with minimal leaves. Herem = m(i0, k,diam, R).

In Theorem 5.15, as well as in Theorem 5.25 below, theR is the constant oc-
curring in the definition of uniformly locally simply connected, Definition 5.14.

There is a version of this theorem (see [CM10]) which hold for sequences of
minimal surfaces of fixed genus (instead of ULSC). For the sake of simplicity,
we will not state this more general result here since the precise statement is more
complicated and can anyway essentially be reduced to the above. We will now
briefly describe this reduction.

First, the uniformity ofR > 0 in the definition of ULSC is not essential. In
general, we may allowR > 0 to depend on the pointx (but not of course oni).
Let Σi be a sequence of closed embedded minimal surfaces of genusg. Suppose
now thatx is a point where for everyR > 0 we have infinitely manyi such that
BR(x) ∩ Σi fails to be simply connected.

There are two quite different ways in which a sequence of surfaces of fixed
genus can can fail to be ULSC at some point. Namely, the corresponding sequence
of (locally) homotopically nontrivial curves which is shrinking to the point can
either divide the surface or not. In the first case, the surface is locally a planar
domain. In the second case, the surface intersected withBR(x) is said to have pos-
itive genus. We will ignore the second case since (after passing to a subsequence)
there are only finitely many points where this occurs. We may therefore conclude
that if a sequence fails to be ULSC atx, then after going to a subsequence there are
curvesγi ⊂ BRi

(x) ∩ Σi with Ri → 0 so that for someR > 0,

γi is null homotopic inΣi ,
γi is not contractible inBR(x) ∩ Σi, and(5.60)

γi dividesBR(x) ∩ Σi .

It is then possible to show that for eachi there is a stable surface in the complement
of Σi which intersectsBRi(x) and that these converge to a smooth stable surface
throughx. Moreover, with additional work, it follows that this stable surface lies
in the Hausdorff limit of the surfacesΣi. In this way, we see that the main case is
when the surfaces are uniformly locally simply connected, whereR = R(x) > 0.

By rescaling the helicoid (see Example 5.13) we get a sequence of minimal sur-
faces which converge smoothly to a lamination by flat planes off the vertical axis.
Since the renormalized limit measure in that case is a multiple of Lebesgue mea-
sure, the singular set has positive codimension two measure. Hence, we see that the
estimate on the singular set in Theorem 5.15 is optimal. In fact, one consequence
of Theorem 5.15 and its proof is that the behavior of the helicoid is typical.

We will now describe some of the ideas and results that go into the proof of
the above convergence result, many of which have independent interest. In the next
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section, we will discuss an application of some of these results to complete minimal
surfaces inR3.

The first result that we will mention gives a bound on the area for a minimal sur-
face whose average curvature is small in an appropriate sense. Namely, in [CM8]
the following is shown:

Proposition 5.16 (Colding-Minicozzi, Corollary 2.37 in [CM8]) There exists
a constantρ = ρ(n, i0, k) > 0 and a constantε1 > 0 such that the following holds:
Letx ∈ Mn andr0 < ρ. If x ∈ Σ2 ⊂ M is a compact minimal immersed surface
with boundary contained in∂B7 r0(x), Σ′ is a connected component ofBr0 ∩ Σ,
and for someε > 0

(5.61) r20

∫
B7 r0∩Σ

|A|2 < ε Area(Σ′) ,

then

(5.62)

(
1− 2r20k − 36r0

√
k − 40π

(
1
ε1

+
1
4π

)
ε

)
Area(Σ′) ≤ π r20 .

This proposition has a number of consequences. Here we will only state one
(see also [CM8] for more results in the same spirit).

Combining this proposition with Theorem 2.3 gives the following curvature
estimate:

Corollary 5.17 (Colding-Minicozzi, Corollary 2.49 in [CM8]) There exist
0 < ε0 = ε0(n, i0, k) < 1, ρ = ρ(n, i0, k) > 0, andC = C(n, i0, k) < ∞
such that ifΣ2 ⊂ Mn is a compact minimal immersed surface with boundary
contained in∂B7 r0 = ∂B7 r0(x), r0 ≤ ρ, and for someε ≤ ε0 and0 < s ≤ r0

(5.63)
∫
B7 r0∩Σ

|A|2 < ε s−2 Area(Bs ∩ Σ) ,

then for some connected component ofBr0 ∩ Σ, Σ′, which intersectsBs and any
0 < σ ≤ r0

(5.64) sup
Br0−σ∩Σ′

|A|2 ≤ C εσ−2 .

Corollary 5.17 should be compared with the regularity result for smalltotal
curvature (Theorem 2.3).

A key difficulty in the proof of Theorem 5.15 is the very complicated local be-
havior of minimal surfaces without area bounds. For instance, as explained above,
there is no uniform bound on the area, the curvature, or the number of connected
components in small balls. Furthermore, this local behavior could be very different
at different points and on different scales.

This last point is an important one; often in geometric analysis, monotonicity
of some (scale-invariant) quantity is used to show that there is a uniform structure
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on all scales (away from a small subset). For minimal surfaces, both the density
(by Proposition 1.8) and the total curvature are (scale-invariant) monotone quanti-
ties, and thus if some ball has small density or small total curvature, then so do all
sufficiently small subballs. This is an important feature in the curvature estimates
for small density and small total curvature (Theorems 2.10 and 2.3). In fact, ex-
amples show that the “small average curvature” condition of Corollary 5.17 does
not necessarily hold on smaller subballs; that is, there is no monotonicity in this
setting.

We have seen that sufficiently small bounds on the density and total curvature
lead to Bernstein-type theorems and curvature estimates. In fact, various other
scale-invariant hypotheses also suffice. To illustrate this, we will now mention
several Bernstein-type theorems of independent interest.

The first is the following:

Proposition 5.18 (Colding-Minicozzi, Corollary 5.21 in [CM8]) Let Σ2 ⊂
Rn be a complete properly embedded minimal surface with genusg and polynomial
volume growth. If for somer0 ≥ 0 the intersection ofΣ with every ball centered on
Σ and of radius at leastr0 has at most̀ connected components, thenΣ has finite
total curvature and at most̀ends.

The second is an immediate consequence of the following curvature estimate:

Proposition 5.19 (Colding-Minicozzi, Corollary 5.24 in [CM8]) There exist
two constantsC = C(g, n) < ∞ and ρ = ρ(n, i0, k) > 0 such that ifΣ2 ⊂
Br0 = Br0(x) ⊂ Mn is a compact embedded minimal surface of genusg, with
∂Σ ⊂ ∂Br0 , r0 ≤ ρ, and the intersection ofΣ with all balls centered onΣ and
contained inBr0 is connected, then for all0 < σ ≤ r0,

(5.65) sup
Br0−σ∩Σ

|A|2 ≤ C σ−2 .

Corollary 5.20 (Colding-Minicozzi, Corollary 5.33 in [CM8]) Let Σ2 ⊂ Rn
be a complete properly embedded minimal surface with genus at mostg. If its
intersection with every ball centered onΣ is connected, thenΣ is a plane.

The two previous propositions and Corollary 5.20 give estimates for embedded
minimal surfaces with finite topology whose intersections with all balls are con-
nected (or, more generally, have a bounded number of components). On the other
hand, it is shown in [CM8] that if a minimal surface is “disconnected on all scales,”
then it must be flat. To make this precise, inspired by the classical Reifenberg con-
dition (see [Re], and cf. also with [Mo2], [To] and [ChC]) the following definition
is made in [CM8]:

Definition 5.21 (One-Sided Reifenberg Condition) A subset,Γ, ofMn is said
to satisfy the(δ, r0)-one-sided Reifenberg conditionatx ∈ Γ if for every0 < σ ≤
r0 and everyy ∈ Br0−σ(x)∩Γ, there corresponds a connected hypersurface,Ln−1

y,σ ,
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with ∂Ly,σ ⊂ ∂Bσ(y),

Bδσ(y) ∩ Ly,σ 6= ∅ ,(5.66)

sup
Bσ(y)∩L

|AL|2 ≤ δ2 σ−2 ,(5.67)

and such that the connected component ofBσ(y) ∩ Γ throughy lies on one side of
Ly,σ.

For embedded minimal hypersurfaces which satisfy the one-sided Reifenberg
condition, the following curvature estimate is proven in [CM8]:

Theorem 5.22 (Colding-Minicozzi, Theorem 4.11 in [CM8]) There existε =
ε(n, i0, k) > 0 andρ = ρ(n, i0, k) > 0 such that the following holds: Ifr0 ≤ ρ,
Σn−1 ⊂ Br0 = Br0(x) ⊂Mn is a compact embedded minimal hypersurface with
∂Σ ⊂ ∂Br0 andΣ satisfies the(ε, r0)-one-sided Reifenberg condition atx, then
for all 0 < σ ≤ r0

(5.68) sup
Br0−σ∩Σ

|A|2 ≤ σ−2 .

An immediate consequence of this curvature estimate is the following Bern-
stein-type theorem:

Corollary 5.23 (Colding-Minicozzi, Corollary 4.18 in [CM8]) There exists
ε = ε(n) > 0 such that ifΣn−1 ⊂ Rn is a connected properly embedded min-
imal hypersurface which satisfies the(ε,∞)-one-sided Reifenberg condition, then
Σ is a flat hyperplane.

For the proof of the main theorem about convergence (Theorem 5.15), we will
unfortunately never be in a situation where the minimal surfaces come close on all
sufficiently small scales to a surface with small curvature and lie on one side of
it. Rather, we will have for an open subset, whose complement has codimension
two, that every point is the center ofsomeball in which every minimal surface in a
subsequence comes close to a surface with small curvature and lies on one side of
it. This then leads one to consider an effective version of the above results. Namely,
in [CM8] a curvature estimate is proven for a simply connected properly embedded
minimal surface,Σ2, in a three-manifoldM3 which in a ball lies on one side of, but
comes close to, a surfaceL2 with small curvature. A minimal surface which has
this property is said to satisfy theeffective one-sided Reifenberg condition. Note
that this property is not required to hold on all sufficiently small scales. Unlike in
Theorem 5.22, the simple connectivity ofΣ2 is essential, as can be seen from the
catenoid.

Theorem 5.24 (Main Technical Curvature Estimate, Theorem 6.4 in [CM8])
There existρ = ρ(i0, k), δ = δ(i0, k) > 0, ε > 0, and a constantC ≥ 1 such
that the following holds. Let0 < r0 < ρ and Σ2, L2 ⊂ B2r0 ⊂ M3 be com-
pact connected embedded surfaces in a three-manifoldM with ∂Σ, ∂L ⊂ ∂B2 r0 .
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Suppose thatBε r0 ∩ Σ 6= ∅,Bε r0 ∩ L 6= ∅, and

(5.69) sup
B2r0∩L

|AL|2 ≤ δ r−2
0 .

If Σ is minimal and simply connected and lies on one side ofL, then for any con-
nected componentΣ′ ofB r0

2
∩ Σ withBε r0 ∩ Σ′ 6= ∅ we have

(5.70) sup
B r0

4
∩Σ′

|AΣ|2 ≤ C r−2
0 .

It is important that Theorem 5.24 does not make any a priori assumptions on
the minimal surface other than that it is a properly embedded disk. By way of con-
trast, the classical curvature estimates for minimal surfaces either assume a priori
geometric bounds (on area or total curvature bound), or stability (with estimates for
graphs being a special case).

In [CM8], Proposition 5.16 and its corollary are used to show that any sequence
of ULSC closed embedded minimal surfaces in a three-manifold has a subsequence
which satisfies a uniform effective one-sided Reifenberg condition away from a
closed subset of finite codimensional two measure. Combining this with Theorem
5.24, one gets uniform curvature estimates for all minimal surfaces in the subse-
quence away from such a subset. It is then possible to conclude that a subsequence
converges smoothly to a lamination away from a closed subset of finite codimen-
sional two measure.

Theorem 5.25 (Curvature Estimates Outside a Closed Subset of Codimension
Two, Theorem 8.39 in [CM8]) LetM3 be a closed three-dimensional manifold
and letΣ2

i be a sequence of ULSC closed embedded minimal surfaces inM . Let
µi denote the renormalized measures. After going to a subsequence, there is a limit
measureµ, a closed subset,S ⊂M , with

(5.71) µ−2(S) ≤ m <∞ ,

and for all x ∈ M \ S, there exists ar0 > 0 (depending onx) such that for alli
sufficiently large

(5.72) sup
B4r0∩Σi

|Ai|2 ≤ r−2
0 .

Herem = m(i0, k,diam, R) andB4r0 = B4r0(x).

The main convergence result, Theorem 5.15, is then shown using Theorem 5.25.

5.4 Complete Embedded Minimal Surfaces inR3

The results of the previous section also have applications for complete minimal
surfaces inR3. This section concerns one such application, namely to the ends
of a properly embedded complete minimal surfaceΣ2 ⊂ R3 with finite topology.
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For such surfaces each end has a representativeE which is a properly embedded
minimal annulus. IfE has finite total curvature, it is asymptotic to either a plane or
half of a catenoid. On the other hand, the helicoid provides the only known example
of an end with finite topology and infinite total curvature. Clearly, no representative
for the end of the helicoid can be disjoint from an end of a plane or catenoid.

The main result of [CM7] is that any complete properly embedded minimal
annulus which lies above a sufficiently narrow downward sloping cone must have
finite total curvature. This is closely related to a result of P. Collin [Co] described
below.

In [HoMe], D. Hoffman and W. Meeks proved that at most two ends ofΣ can
have infinite total curvature. Further, they conjectured that ifΣ as above has at least
two ends, thenΣ must have finite total curvature (this is the “finite total curvature
conjecture”; cf. [Me]).

If Σ has at least two ends, then there is either an end of a plane or a catenoid
disjoint fromΣ by lemma 5 of [HoMe]. Therefore, to prove the finite total curvature
conjecture, it suffices to show that a properly embedded minimal annular endE
which lies above the bottom half of a catenoid has finite total curvature.

In this direction, W. Meeks and H. Rosenberg [MeR] showed that ifΣ has at
least two ends, thenΣ is conformallyequivalent to a compact Riemann surface
with finitely many points removed. Using this, they showed that an annular end
E arising in the finite total curvature conjecture lies in a half-space. In fact, they
showed thatE is either asymptotically planar (with finite total curvature) or satisfies
the hypotheses of the “generalized Nitsche conjecture.”

Conjecture 5.26 (Generalized Nitsche Conjecture [MeR]; Collin’s Theorem,
[Co]) For t ≥ 0 let Pt = {x3 = t} ⊂ R3. Suppose thatE ⊂ {x3 ≥ 0} is
a properly embedded minimal annulus with∂E ⊂ P0 and thatE intersects every
Pt for t > 0 in a simple closed curve; thenE has finite total curvature.

P. Collin proved this conjecture in [Co], thereby showing, using [MeR], that,
for properly embedded complete minimal surfaces with at least two ends, finite
topology is equivalent to finite total curvature. An example of a properly immersed
minimal cylinder inR3 with infinite total curvature, constructed by of H. Rosen-
berg and E. Toubiana [RT], shows that embeddedness is a necessary hypothesis
in both the finite total curvature and generalized Nitsche conjectures. Well-known
examples show that properness is also necessary.

Let x1, x2, x3 be the standard coordinates onR3. Given anyε ∈ R we let
Cε ⊂ R3 denote the conical region

(5.73) {x3 > ε
√
x2

1 + x2
2} .

With this definition,C0 is a halfspace andCε is convex if and only ifε ≥ 0.

Theorem 5.27 (Colding-Minicozzi [CM7]) There existsε > 0 such that any
complete properly embedded minimal annular endE ⊂ C−ε has finite total curva-
ture.
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The generalized Nitsche conjecture follows directly from Theorem 5.27 since
{x3 ≥ 0} = C0 ⊂ C−ε. In fact, since the height of the catenoid only grows loga-
rithmically, the finite total curvature conjecture also follows directly from Theorem
5.27.
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